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I. Enumeration Combinatorics

i. Multisets versus Subsets

Typical Question: How many elements of a set S of “weight objects” have weight k?

e c.g. How many ways are there of choosing a dozen donuts from a selection of 5 different
types of donuts?

e e.g. Same but there are only 3 chocolate and 2 maple left (but > 12 for the others)?

Recall: A set is a collection can be distinct / |distinguishable objects.

A multiset of size ‘n’ of ‘t’ types is a collection of n elements, each one of t types. Two
of these elements are distinguishable if and only if they are of different types.

Then we can rewrite Q1: = How many multisets of 4 types have size 127
“How to describe the set of all multi sets of 4 types?”

Recall: For sets A and B

o AU B is the set of all elements that are in A or B or both

o AN B is the set of all elements that are in both A and B

(Cartesian product) A x B is the set of all ordered pairs (a,b) where a € A and b € B

(Cartesian power) A = A x A x -+ x A (t times) = {(a1,a2, - ,a;)|a; € A}
(The sets of all ordered t-tuples of elements of A)

We write |A| for the numbers of elements in A.

We say AU B is a disjoint union if ANB =0

When A and B are finite sets, the following conditions are true:

1. |[AUB|+|ANB| = |A| + |B]
2. |Ax B| = |A||B|
3. |A' = |A[

Example:



Suppose the donut shop has in stock 3 chocolate, 5 maple, 15 lemon and 10 plain donuts.

Set of all multi sets of donuts of these 4 flavour can be described as
c m e p

——
s =4{0,1,2,3} x{0,1,...,5} x{0,1,...,9,10} x {0,1,...,14,15}

Describe the set of all multisets of 4 flavours of donuts of size 12, that do not contain both a chocolate
and a maple donut?

S1={0,1,2,3}x{0}x{0,...,15}x{0,...,19}U{0} x{1,...,5}(Not double count for 0)x{0,...,15}x{0,...,19}
All multisets of 5 types can be described as N* where N = {0,1,2,3,...}

Claim: the number of multisets of 4 types of donuts of size 12
= the number of subsets of size 3 (”3-subsets”) of {1,...,15} (Three points split to four group)

Every 3-subset of {1,...,15} corresponds uniquely to a multi set of 4 types, size 12 — {6, 10,11}

12345 (6)789 @ 1213 14 15 = (5,3,0,4)

5
Conversely: start with a multi set of 4 types, size 12: (1,4,3,4)

1 @§4§§@§Qm@Qﬁﬂﬁj{lﬂll}a3—subsetof{1,...,15}
1 4 3 4

This is a 1-1 correspondence, showing these two sets are the same size.

Theorem: For multi sets 0 < k < n, the number of k-subsets of {1,...,n} is B(n,k) = W
Lr

Let L be the set of all ordered k-tuples of distinct elements of {1,...,n}

Then |L| =n(n—1)---(n—k+1)

But we can describe L as follows: take each k-subset of {1,...,n} and order it in all k! different ways. The
union over these is L.

So |L| = B(n, k)k! # of k-subsets of {1,...,n}

Therefore B(n, k) = W O

Example:
n = 3, k = 2, how many 2-subsets of {1,2,3}?
All 2-subsets L : 12,13,21,23,31,32

B(3,2)=32=3

ii. Binomial Coefficients

The number of k-subsets of {1,2,3,...,n} is (}) (W)
Which is defined for all non-negative integers k and all n (even n € C)
Called “Binomial coefficient”

Notes: when n > k is an integer, (Z) = #lk)' = (nﬁk)

e When n is an integer, n < k. (Z) = 0 (Not enough elements to choose from)

e Note Q! =1



iii. Bijection & Inverse (Recap)

De

bijection from a set S to a set T is a function f: S — T,

=

e that is injective, meaning if f(S1) = f(S2), then S1 = So.

e and surjective, meaning for all ¢ € T', there exists an s € S such that f(s) =t.

Important Property of bijection: If there exists a bijection from S to T, then |S| = |T|

Recall: for function f: S — T and g : T — S, the composition function go f : S — S is defined by

9(f(s)) =go f(s) =g(f(s)),Vs €S
The function g : T'— S is called the inverse of f: S — T if

e go f:S — S is the identity function on S (ids) i.e. ids(s) =s,Vs € S
e fog:T — T is the identity function on T (idr)

Theorem :
If f: S — T has an inverse, then it is bijection.

PL
Suppose f : S — T has an inverse f~': T — S.

Check f is injective: suppose f(s1) = f(s2), for s1,s2 € S.

Then f~1(f(s1)) = £ (f(s2)),

= ids(81) = ids(SQ),

Check f is surjective: take ¢t € T arbitrary, then f~'(¢t) = s for some s € S.

So f(f7(1) = f(s).
t =4dr(t) = f(s), so t is in the image of f.

Example:

A permutation of a set S is a bijection from S to S. The number of permutations of a set S is |S|!
For a set S = {1, 2,3}, with |S| = 3, there are 3! = 6 permutations.

Example:

Let S = the set of all k-subsets of {1,2,3,...,n}, and T = the set of 0, 1-sequences of length n, i.e.
{0,1}™.

Claim: f: S — T is a bijection, where f(A) = (a1,az2,...,an), wherea; = 1ifi € A,and a; = 0ifi ¢ A.

Example:



Verify claim:

Define g : T — S by g(a1,az,...
And g = 7!, so g is well-defined, i.e. g(a1,as,..

From our example: |S| = |T, i.e. the total number of subsets of {1,2,3,...

Col: Forn >0, > 7 _, (Z) =2"

Lf.

yan) = A C{1,2,3,...
Where a; =0or 1 fori=1,2,...,n.

,n}, where i € A if and only if a; = 1.

.,an) is in S for each (a1, a2, ..

,m} is 2™

an) €T.

Since (Z) is the number of k-subsets of {1,2,3,...,n}, and k = 0,1,2,...,n, are all possible sizes, we set
LHS = total # subsets of {1,2,3,...,n}, which is 2".

Example:

Exhibit a bijection from m(n,t), the set of all multisets of size with t types.
So B(n+t—1,t — 1) the set of all (¢ — 1) subsets of {1,2,3,...,n+t—1}.
Conclusion: |m(n,t)| = ("

Define: f: B(n+t—1,t —1) — m(n,t) as follows: for subset S = {s1,s2,..

o< St—1,

Define f(S) = {m1,ma,..

Define: g : m(n,t) — B(n+t—1,t— 1) as follows: given (my,..

+t—1
t—1

.,8t—1} with s1 < s2 <

.,m¢}, where m; = s; — s;—1 — 1 [set so =0 and st = n + t]

set sy =m1+---+m;+iThen 1 <51 <so< - <s_1<n+t—1

So S = {81,82,..

iv. Combinatorial Proof

Example:

Prove that for all integers 1 < k <n — 1,
=G0+

We know that the set S of all k-subsets of {1,...,n}

But S = Sp U S, where Sp is the set of all k-subsets of {1,...,n} that do not contain n, and S is the

set of all k-subsets of {1,...,n} that contain n.
and Sop N S1 =0, So |S| =|So| + |S1]

Now Sp is the set of all k-subsets of {1,...,n — 1}, so |Sp| = ("_1
S; = {{n} U B, where B is a k-1 subset of {1,...,n —1}}, so |S1| = (

Therefore, (}) = |S| =[So| + 1] = (", 1) + (}21)

k—1

., 8t—1} € B(n+t—1,t—1) (g is inverse of f)

k

)

n—1
k—1

.my¢) where mi +mg +--- +m¢ =n,

O



Idea of combinatorial proof to show u = v, find a set S whose size is u; but viewed another way, whose
size is v. Hence, u = v.

Example:

Let n, k be non-negative integers. Give a combinatorial proof that ("Jrk) = I.to ("+?71)
n 1= K3
Let S be the set of all n-subsets of {1,...,n + k}

Fori=0,1...,k, let S; be the set of all n-subsets of {1,...,n+ k} where the largest element is n + 4.
So, S =SgUS1U---USy and all these set are disjoint. So |S| = |So| + |S1| + - + |Sk|

Now, S; = {BU{n +i}|B is an n-1 subset of {1,...,n+1i—1}}
So, |Sz| _ (n+i—1)

n—1

Therefore ("I’“) =S| =F 18 =k, (n:i—11)

Theorem (Binomial Theorem):

Let n be a positive integer, let x be arbitrary.
Then (1+a)™ = 5, (7)a"
Lf.

m times
(142" =0+a)(1+z)...(1+z)
_ ({L‘O _’_xl)'m
= OO 40y pOFOF el gL 9 i)

The set of exponents is {e1 +e2+ -+ em : (e1,...,em) € {0,1}"}
Recall our bijection f between {0,1}™ and the set of all subsets of {1,...,m}
This f gives a bijection between

Sk = the set of all k element subsets of {1,...,m} and {e1 +e2+ -+ em =k}

Collecting together all terms with the same exponent, we get

(14x)™ = Z |Sk|z® = Z <n];>xk

k=0

v. Generating Series

Let S be a set A weight function w on S is a function w: S - N={0,1,2,...}
Such that, for every k in N, the set {s € S : w(s) = k} is finite.

Def :
The generating series for the set S with weight function w is

Dg(z) = Z (@)

oeS

in the indeterminate x

Example:



1. S is a set of 12 nickels, 6 dimes, 4 quarters, and a loonie.
w(o) = the total value of the coins in o
Dg(x)=a®+ -+ 2"+ 20 4. 210 4 g2 ... 4 g2 45100
12 6 4
= 1225 + 6210 4 4225 4 100

Note we can also write ®g(z) = 3, +, arz® where aj, is the number of elements of S of weight
k (By definition of weight function, ay, is a finite non-negative integer for each k)
2. S is the set of all subsets of {1,...,n}

o) = lol

w(
bs(z) = Z (1) =a+ar
k=0

w(o)=0c

d5(z)=14ata?+adt .= =

11—z
(Note: This is an infinite series)

X not to be substituted by a number. It is a placeholder for the indeterminate x.

Example:
Nemvn = {0, 2,4,6,8, ...} with weight function w(o) = o.
Generating series ®yeven (2) = 1 + 0z + +122 + 023 + 12 + 0254+ - =14+ 22 42 +... = ﬁ

vi. Formal Power Series (FPS)

)

ef :

ii

A formal power series (fps) in the indeterminate x over the rational number Q is an expression of the form
A(z) = Z aiz’
1=0
where a; € Q for all i > 0.

Note: Any polynomial in x with rational coefficients can be viewed as a fps where all but finitely many
coefficients are 0.

vii. Operation of the fps:
e Addition for fps A(z) = 37,5, a;z’ and B(z) = 20 b;x® is defined by

A(z) + B(z) = Y _(a; + b))z’

i>0
e Multiplication for fps A(z) = 37,5, a;z" and B(z) = > is0 b;x' is defined by

A(z) - B(z) = Z (Z ajb¢j> '

i>0 \j=0

(a0+a1x+a2z2+...)~ (b0+b11'+b2$2+)
=aobo + (aob1 + a1bo)x + (aobs + a1b1 + 0250)932 +...
Note: A(z)B(z) = B(z)A(x) by symmetry of multiplication.

Notation: We write [z"]A(z) for “the coefficient of 2" in the fps A(zx)”
Example:



21+ z+a22+...)=1
(3] 1+ 22+ +...)=0

e Equality: A(z) = B(z) means a; = b; for every i > 0

e Substitution: Is A(B(z)) a valid fps?
If the constant coefficient by of B(z) is zero, then A(B(z)) is a valid fps.
PL.

A(B(z)) = ap + a1 B(x) + a2 B(z)® + ...
Since by = 0, B(x) = biz + box® + - -- = 2C(x) where C(z) = b1 + baw + . ..

A(B(CC)) = ap + aGC(:r) + 02$2C(.’E)2 + ...
To verify A(B(z)) is a fps, we need [z?]A(B(z)) to be a FINITE rational number for every i > 0

For each i, [#°]A(B(z)) = [z'] (a0 + a12C(z) + asz’C(x)* + - - - 4+ a;z'C(z)") O

This is a fps since it is a finite sum of products of fps

o Inverse: We say the fps C(z) is the inverse of A(z) if
A@)C(z) =1 (=140x+0z>+...)

Example:

Claim: A(z) =1+z+22+... has inverse C(z) =1 — =
Check:

(1—1)(1+x+x2+4..):1—z+z—12+$2—x3+...

=1
We can write A(z) =3, o'=(1-z)""'=1
Theorem : _
Let A(x) = >, a:xz" be a fps. Then A(x) has an inverse if and only if ag # 0.
Pf B
Suppose A(z) has inverse C(z) = Y, ciz’.
Then A(z)C(z) = 1 implies agco = 1.
Conversely, suppose ag # 0. Then we can write A(z) = ao(1 — zB(z)) where B(z) = — 71 — 222 —
So ﬁB(z) is a valid fps, since it is B(z) substituted into 1.
-1
Hence, A™!(z) is the valid fps #}3(1) O
Example:
1
2 4 _
1+z°+2+--- = 1.2
Theorem :

Let m be positive integer. Then

(Negative Binomial Theorem)

Pf.

By induction on m.



Base case: m =1

1
1—2x

(l-z)'=1+a+a’+ . =

Inductive step: Suppose the formula holds for m = k.
Then

Lemma: We need to show that ("/*) = E?:o (MY
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The proof is completed by induction.

- kY, .k D+k—1\_k
So we find (1 —a)~ ("t =37, ("Rt =30, ((TT':JF)S?I )a"* as needed.
Hence, the negative binomial theorem holds for all positive integers m.

Theorem (Finite Geometric Series):
ko 1—ght!

Let k be a non-negative integer. Then 1 +z 4+ 22 4 -+ + 2% = -

Pf.

A-—z)(l4z+a 4+ 42 =Q+z—z+2> -2+ +2" -2 425 =1 -2

_ 17$k+1

10



Example:

What is [z12](1+ 2z + 22+ 23)(1+ 2+ + IS)(Z;‘ZO al)??

(") (11_—9694jl ' 11_—26 a —lz)2)

g2 1— g% — 26 4 210
) ()
:[x12] ((1 — x)74 — x4(1 — :c)74 — :c6(1 — x)74 + xm(l — x)74)

=1 —2)"* = )1 —2) ! = [2°](1 — ) + (2?1 — ) *
:<12::1;1) _ (81%;1) B (61%11) +<21i;1>
=(5)-(5) -+ ()

=455 — 165 — 84 4 10 = 216

Example:

Multiplication of fps:
Find [z™](1 + 22)6(—22)~3
Using BT and NBT

(1+22)5(1 —22)~3

_(S- (6) 20 81—y,
_(,;)(k) 2 )(%( NENELD
6

-2 ()

k=0 1>0

S e (e
= 00)

pairs0<k<6,1>0,2k+1l=m k

min{6,| 5 |}

R EE

So answer is [2™](1 + x2)6(—22)73 = Z;n:;){&[%” (Z) (m7§k+2)2m_2k

3

Il
3
1%
o
— —]

>0

viii. Generating Series for Complicated Sets

Note: Finding coefficients in fps is an essential skill in solving enumeration problems.
How to find the generating series for complicated sets?

Tools: Sum and Product Lemmas

1. Sum Lemma

Let S be a set and w a weight function on S.
Suppose S = A; U Az where A1 N Az = 0.
Then the generating series for S is ®s(z) = Pa, () + P4, (x)

11



By definition

seS
= Z w(s)z® + Z w(s)z®
sEA; SEAg

=Py, (m) +Pa, (JS)

Example:

We saw ®y(z) = (1 — )~ where w(o) = o.
And Pyeven (z) = (1 — z2)~1
S0, ®poad (¥) = Pn(x) — Preven (2) = 2= — Ly = Lo =gt ad +ab ...

1—z 1—x 11—z

Example:

Try to formulate a common generalization of Binomial Theorem and Negative Binomial Theorem, just
use the definition (Z) = W for any n € Z and k € N.

2. Product Lemma

Suppose C7 and Cy are sets with weight functions w; and ws respectively. Then the generating
series for C71Cy with weight function w defined by

w(ciez) = wi(er) + wa(c2)

Qe 0, (.13) = @¢, (l‘) e (x)

&

Doy, (2) = > 299 (by definition)
(C2,C2)€C1 xC2

— xw1(01)+w2(02)
(C1,C2)€C1 xCa

— Z 21(C1) Z Lw2(C2)
C1eC CaeC>

= ®¢, (z) - Doy (x)  (by definition)

We can easily extend the PL to any number k of sets Cy to find ®c,c,...c, (z) with weight function
w(cica...cx) = wi(cr) + wa(e2) + -+ + wi(ck)-

Example:

How many ways of choosing a dozen donuts from 4 flavors, if > 12 each flavor available?
We know that ®y(y) = ﬁ where weight function wg on N is wg(c) = 0.
Let S= N x N x N x N
TN
c m P

weight function on S: w(¢1,t2,t3,t4) = t1 +t2 +t3 + 4

12



By PL,

Answer is [£12]®4(x) = (12;_3) = (135)

Example:

Same question, except only 3 chocolate and 5 maple are available (others > 12).

Here we choose S = {0,1,2,3} x {0,1,2,3,4,5} x Nx N
weight function w(tl,tg, t3, t4) =ty +to+t3+ta

®0,1,2,33 () with respect to wo(0) = 0o

So by PL

Qs(z) = P0,1,2,31 (%) - Pro,1,2,3,4,53 (%) - Pr(z) - Pr(T)

1 \2
=(Q4z4+22+23) 14+z+22 +23 42 +25). (17)
-z

11—zt 1—24f 1
T1-z 1-=z .(1—1)2
_ (1 714)(17336)
(-2t

12] (1*14)(1*$6) =216

Answer is [z (=

Q: Why not S ={0,...,3} x{0,...,5} x {0,...,12} x {0,...,12}?

[1:12] _ 1- x4)(1 - xﬁ)(l - x12)2
(1—a)*

ooz | (=21 -2

=l (1—a)*

(23:13 _ x26) (1-2%(1-2"

(1—a)

This term will go to 0 since with z'3 and 226

Example:
How many ways to choose a dozen donuts if
e # chocolate is even
o # maple is odd
e there are only 2 lemon available
e there are only 4 plains available
We choose § = NZE™ x N%dod x {0,1,2} x {0,1,2,3,4}

w(ty, t2,t3,t4) =t1 +t2 +t3 +ta
With respect to wo(o) = o we have

g () = 0% =

i>0

13

1

T 1—22



_ 2i41 _ %
@Ng%d (z) = Z:E =12
= i>0

<I>{0’172}(m) =1+4+x+22
®0,1,2,3,4)(2) =1+ + 2% +2° ot
So by PL, answer is

_ (1—23)(1 —x°) x
[z12]<1>5(x) = [Im] ( (1—x)2 ’ (- 1,2)2)

1— a3 —2° =+ 8
== ((1 —oa +z>2)
S (- a) A1 a) - ) ) () - 60— 2) A4 a) 2 4 )1 1) (1t a)
=35

Note: How many ways of choosing 15 donuts with same restrictions?

[21°]®s(x) = 44

ix. Framework for solving enumeration problems
Q: How many z’s are of type q7

i) Choose a set S and a weight function w so that

# elements of S
of weight q

) = answer to the question

ii) Find the generating series for S with respect to w, using the sum and product lemmas, etc.

iii) Find [27]®s(z). Answer to the question.

x. Compositions
Det :

A composition of size n and length k is a k-tuple (¢1,t2,...,tx) of P O SITIVE integers such
that t1+t2++tk =n.

The t; are called the part s of the composition.

How many compositions of size n like length k are there ?
Choose S =N>1 x N>y x...N>; = N’gl

where N>; = {1,2,3,4,...}

Choose w to be w(ty,ta, ..., tg) =t1 +ta+ -+t

Find generating series for N>; with weight function wo(c) = o

xT

d = 24 ... =
v>1(z) =z + 27 + ==

14



Find

Answer is
o) = 6 (12)
[ ] (1 _lx)k
) M R
) <k ik 1)
k—1
= <Z - 1) if n >k
Example:

How many compositions of size n and length k are there, where the i*" part is an even number > 24,
for each 1 <i < k.

e Choose S = NO§™ x NP™ x -+ x Nggp

o w(ti,to,... . tg) =t1 +t2+ -+ 1tg

e For 1 < <k, NOP» = {20,2i +2,2i +4,...} so c1>chv5;(:c) = g2t 4 22 g2 L =
221422 +2t+..)= z?!

1—22

2 4 2k
_ =z x x — 24442k 1
So @s(z) = 1—22 " 1—a2 77 -2 — F " (—a2)F

(Note: 2444+ 2k =2(1+2+--+k) = 2k(k + 1))

Answer is

ph(k+1)
[x"}m Thisis 0 if n < k(k + 1)
—x

[ ED)] 1

k() N (F TR =1y
=[z 1 ];( E—1 )J:QJ

0 if n — k(k + 1) is odd or negative
= noRCD) gy

( e1 ) otherwise

(% - (g) 71) otherwise

{0 if nis odd or n < k(k + 1), k(k + 1) is even
k—1

Reality check: n =16,k =3

15
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Example:
Show that the number of compositions of size n and length k is which each part lies in the set {2,...,8}
9 Ln—?k
3 ok —Ti—1
S eI
j=0 7
Q: How many compositions of size n are there? (i.e. with all possible lengths)
Choose S = {0} UN>; UNZ U--- = N%,
Choose w(S) = w*(a1,a2,...,ar) = a1 + a2 + - - - + ai, for each (a1,a2,...,a;) € S
Detour:

Let A be a set. We define the set A* by
A* = Uj»oA°

where A? = {0} and AF = A x A x --- x A (k times)

Lemma: Let A be a set and w a weight function on A. Define w* on A* by w*(a1,a2,...,ax) =
w(ar) +w(az) + - - +w(ag) for all k > 0 and all (a1, az,...,ax) € A¥. Then w* is a weight function
on A* if and only if w(a) > 1 for every a € A.

PL

(=) If w(a) =0 for some a € A, then 0, (a), (a,a), -+ € A" is an infinite set of elements of A*
with w*-weight 9. So w™* is not a weight function on A™*.

(<) TO show w™ is a weight function, fix a weight n > 0. If w*(a1,a2,...,ax) = n, then
w(ai)+w(az)+- - -+w(ar) = n. Since w(a;) > 1 for each ¢, we find that (w(a1), w(az),...,w(ax))
is a composition of size n of length k.

There are finitely many of these. Also, we know (a1 ...ax) € UlLgA”.

Since w is a weight function on A, there are finitely many elements of A with any weight < n.
So the total number of elements of A* of weight n is finite.

Hence, w* is a weight function on A*. O

For a set A, we defined
A*={0tuAuA*uAU---

and for a weight function w on A, we defined
w* @) = w(ay) + wlaz) + -+ wlan)
for every k, (ay,...,a,) € A*.
The set of all compositions of (of all possible lengths) can be described as
S = Ur>oN%, =N%,

where N>; = {1,2,3,... }.
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We consider there to be one empty composition of length 0, size 0.

To find the number of compositions of size n, we need to find the generating series ®4(x) for S

with respect to the weight function w*(as,...,a,) = a1 +--- + a, and find [2"]®,(x).
: _ 1
By String Lemma, we know ®4(x) = =T
to w(o) = 0.
Example:
N>; ={1,2,3,...}, 50 @NZl(x) =z4al+a3 4. = T

1 o o o
So @s(x) = 17% =13, =1-2) 3, 502" = 30,50 22" — 30,50 22"

Now we find [z"] 11:27; = [2")(Z 50 gt S nso 2i=1g1) = {

1. String Lemma

Let A be a set and w a weight function on A. if w(a) > 1 for each a € A, then the generating series for
Where ®4(x) is with respect to w.

A* with respect to w* is P a=(z) =
PL

By our previous lemma we know w* is a weight function on A*.

S S
1-®4(z)"

Since A* = Ni>0A*, we can use SL to find ® 4~ (z) = 2 k>0 ®a(x)*. By PL ®a«(x) = (®a(x))".

- () = 3 4 (a)

1
2n71

ifn=0
ifn>1

) where @, (7) is the generating series with respect

O

k>0

=D (2a@)"

k>0

_ 1

T 1- q)A(:E)
We substitute ®(z) for z in ;- because ®(z) has constant coefficient 0. (Since no element of A has
weight 0).
Example:

Find the gs for compositions in which empty part is odd.

‘We choose S = UkZON’;p weight function w*(a1,...,ax) =a1 + -+ ag

S = UpzoNE, = (NZHE

1

By String Lemma, ®5(z) = =% 00a (@)
S5

There <I>No>dd (z) is wrt. w(o) =0
>1

So (I)N%dld(x) :x+x3+aj5+...: lfzz

1—z?

By String Lemma, ®(z) = 1_% = 5 (will get solution later)

=22 l—z—2x

Def :

P(z)

A rational function in x is an expression of the form Z7s where P(z) and Q(z) are polynomials in x. This

is the standard way to express a generating series.

Example:

17



Find the gs for compositions in which the length is odd, and every part is odd.

5§ =N U (NP u NP U

@S(ﬁ) = Z (b(Ngdld)2k+l (.’E) by SL
k>0 -

=" ®ygaa (@' by PL
k>0 =

- 2k41
- (1%2)

k>0
2k
z x
- (%)= (+5)
(1 %/ 0 1—x
oz 1
=—
B e 0L
2
(Substitution valid since (1717)2 has constant coefficient 0)
(1-2%)2 z(1-2?) g3

_ _z
So, QS(J?) T 1-z212z+2% 22 T 1-3224+2% T 1-3z2427

Example:

Let an be the number of compositions of size n, in which all parts are odd.
So

11—z
anr’t = ————
Dane” = ———s

n>0
(1—2z—a?) E anz™ =1 —z?
n>0
E anz” — g anz™tt — g anz™t? =1 — 22
n>0 n>0 n>0
E anz” — E n_1z" — E n_ox™ =1 — 2
n>0 n>1 n>2

n = 0 compare coefficients of 0 : LHS = ag, RHS =1= a9 =1

n = 1 compare coefficients of ! : LHS =a; —agRHS =0=a1 —ag=0=a; =1

n = 2 compare coefficients of 2 : LHS = a3 —a; —apRHS = —-1=a3 —a1 —ap=—-1=ax =1
In general, n > 3, 2" 1 ap —an—1 —an—2=0=an =an—1 +an—2

Recurrence relation: ap = an—1 + an—2

Let S, be the set of all compositions of size n in which every part is odd.
We showed |S,,| = a,, satisfies ag = a1 = as = 1 and for n > 3, |a,| = |an—1Ua,—2| using bijections.
Define: f: S, = Sp—1 U Sp_o for any n > 3 by (t1,t2,...,tx) € Sy (So, t1 +t2+ -+t = n all

in Nodd)

(t1,ta,t3,. ., tr) iftp =1

f(tita, .o ty) = )
(t1,t2, .. tp—1,tp—2) iftx >3

18



define f is a bijection with every g defined as follows:

If (t1,t2,...,tk) € Sp—1 define g(t1,ta,...,t;) = (t1,ta,...,t;,1) € S,
If (t1,t2,...,t;) € Sp_o define g(t1,ta,...,t;) = (t1,t2,...,t,3) € Sy
Then fog=ids, ,us,_, and go f =1idg,

n—2

xi. Binary Strings

A binary string of length n is an element of 0,1™, i.e. an ordered n-tuple of bits, each of which is
Oor 1.

We will simplify notation by omitting (,,,,), so we will write b1bs ...b, where b; € 0,1 for each i.
e.g. 011010011110.... Length Q

Normally we will choose the weight function for sets of binary strings to be length. We consider
there to be one binary strings of length 0, written as e.

Find the gs for the set S of all binary strings (With respect to length)

Dg(z) =1+20+42> +82% +--- + 2P ... = e

Example:

Find the gs (w.r.t. length) for the set of binary strings with no substrings 11
(i.e. no two consecutive 1’s) e.g. 001010001001

Def :
The concatenation of binary strings a and b is the binary strings’ ab.
For sets A and B of binary strings, the concatenation product AB is defined by AB = {abla € A,b € B}

e.g. A={01,00,001}, B = {1,110}

AB = {011,01110,001,00110,0011,001110} Note |AB| = |A||B|
e.g. A={011,01}, B = {0, 10}

AB = {0110,01110,010, 110} Note |AB| # | A|| B|

)

ef :
A concatenation product AB is said to be unambiguous ("good”) if each element of AB has a unique
representation as ab where a € A and b € B. In this case |[AB| = |A||B] for all (finite) sets A,B otherwise
AB is called ambiguous. (”bad”)

For a set A of binary strings, we define A* by

ii

A*={edUAUAUAU.. = U AF(AF: concatenation product of i copies of A)
k=0

We say A* is unambiguous if each element ¢ has a unique representation, i.e. is in exactly one A*, and
there is exactly one way choose a1, az2,...,ar in A where 0 = aiaz...ax
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e.g. 17 is unambiguous, 1* = {¢,1,11,111,1111,...}
e.g. If A is a set of binary strings in which each string has a common length 1, then A* is unambiguous.
e.g. {001,100, 101}* is unambiguous

001,001, 100, 101, 101, 110,101, 110 € {001,100, 101}*

(Uniquely determined by the length of the strings)
Each substring of length 3 starting from the beginning of o must define uniquely the element of A involved
in the concatenation.

1. Product Lemma for binary strings
Let A and B be sets of binary strings. If A* and B* are unambiguous, then (w.r.t. length)
Dap(z) = Pa(x)Pr(x)
String Lemma for binary strings: For a set A of binary strings, if A* is unambiguous, then (w.r.t. length)

1

Dax(z) = T=%a()

[Why here gs for A has 0 constant coefficients?...]
How many binary strings of length n are there, that have no substring 117
Theorem :

The set {0,1}* of all binary strings can be represented {0,1}* = {1}*({1}*{0}*) and this is an
unambiguous expression. (Called the “0-decomposition” of {0,1}*)

Pf.

Let o € {0,1}" be an ordinary binary string then a has k 0’s, for some uniquely determined k > 0.
So 0 = a10a20 - - - Oax, where each a; is a (possibly empty) string of 1’s.

Thus, o is uniquely determined as the concatenation of

a; € {1}" and Oa; € {1}"{0}* for2<i<k+1

Notation: We will usually abbreviate explosions such as {1}*({0}*{1}") by omitting the parentheses, and
writing Ou1 instead of 0(1).

For {0, 1} etc. Here we would write
(Ou)* =17(01%)"

Such an expression is called a regular expression for formal definition

Each regular expression produce (i.e. represents) a set of binary strings. (Called a "rational language”),
and the expression way or way not be unambiguous.
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If an expression is unambiguous, we can apply SL, PL, String L. to obtain the gs for S with respect to
length.

Example:
(0u1)* be SL
e (Oul) — 2z
e (Oul)* — ﬁ
1%(01%)*
e by String L, 1* — ﬁ
e PL 01* — ﬁ

e by String L (01*)* —

1
E
T—=_

By PL 1*(01%)* — - 255 = =2

Answer to the question from the beginning of the class:
We know all binary strings can be represented as
(Ou)* =17(01%)"
S = (eU1)(0(eul))” This is unambiguous

This is unambiguous because it is a restriction of the 0-decomposition of {0,1}*
So using PL, SL, String L, the gs for S with respect to length is obtained.

e SL (eUl)—14x
e PL  0(eul) » z(1+z)
o Str. L  (0(eul))” — L

l1—z(1+x)
So ®g(x) = =25 by possibly
Answer is [z"]

Question: How many binary strings of length n are there with no substring 0007
We know

(0u1)* =0%(10")"  1-decomposition (1)
S = (eu0UO00)(1(eu,0U00))" (2)
This is unambiguous since it is a restriction of the 1-decomposition.
Find the gs
e (¢UOUO00) = 14z +a?

e (1(eu0U00)) — 7y Const coefficient 0

1
l—z(1+z+z
[ 14a+x?
A [‘T ]1—z(l+z+12)

xii. Blocks

A block in a binary string is a maximal substring consisting of all 0’s or all 1’s.

0 1 00 111000 1 0 111 000
o e N N N
There are 5 blocks of 0’s, 4 blocks of 1’s.

Theorem Block Decomposition:

g =

(0u1)* =17(00"117)*0"
and this expression is unambiguous.
Example:
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oc=(e€1%)(0 € 00%)(1 €11*)(00 € 00*)(111 € 11*)(000 € 00*)(1 € 11*)(0 € 00*)(111 € 11¥)(000 € 0*)

Pf.

Let o be a binary string, then o start with a (possible empty) string of 71”7, and ends with a (possible
empty) string of 0’s.

So ob C ¢ where b € 1", d € 0", and c alternates between a non-empty maximal string of 0’s and a
non-empty maximal string of 1’s.

So c=eifieafa- - enfn for a uniquely determined ¢ > 0 where e, € 00" and f; € 11* for each i.

Hence, this expression for o is unique. O

Example:

Find the gs w.r.t length for the set of binary strings in which each block of 0’s has even length and
each block of 1’s has odd length.

We know (0 U 1)* = 1*(00*11*)*0*, BD

S = (eU1(11)*0) (00(00)*1(11)*)* (00)*
Using SL, PL, String L:
e cUL(11)* » 1+ 25

1—22

o 00(00)* — 22,

e 1(11)* — T2
e (00) = =
Hence, we get
T 1 1
(I)S(Z'):(l'i_ ) D) 2
L= — () () L
14z —a? (1 —2?)? 1
To1—-22 1-2224at—a3 1-—2a2
14z —2?

1—222 + 2% — 23

Example:
Find the gs. w.r.t. length for the set of binary strings in which each even block of 0’s is followed by
exactly two 1’s.
e.g. 01110100011 0011 000011 010
We know (0U 1)* = 1*(00*11*)*0*,
so S =1*(00(00)*11 U 0(00)*11*)*(e U 0(00)*) This is unambiguous since it is a restriction of BD.
Using SL, PL, String L:

1 1 x
2 2
P (12)e? b el X (1)
1 1 x
ch(x):l_ 24 22 (1+1_ 2)
1= (= + 0= x

1+z—2?
1—x—2x2+a3 —zt+2b
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Example:

Find gs w.r.t. length for the set of binary strings that do not contain the substring 11100.
We know (0U 1)* = 0*(11*00*)*1*, BD
so S =0*(11*00" — 1111*000*)*1*
A
And this is unambiguous since it is a restriction of BD.

(technically, it is not a "regular expression” but still has a clearly meaning)

By SL
®11+00+ = Pa(x) + Pr111%000* ()
So
@ 4(z) = ®11+00* (%) — P1111%000* (T)
_ $2 3'55
S (1-2)? (1-a)?
Therefore,
1 1 1
s(2) = 1—x 2225y ] _ g
1- ((171)2 )
. 1
T 1-2z+445
Example:

Find a recreation relation for sequence {an}, >0 of coefficients of ®g(x)
A: Ag=1,A1 =1, Ay =4, A3 =8, Ay = 16, and for all n > 5, an = 2an—1 — Han—s

xiii. Recursive Definition

1. Recursive Decomposition

A description of a set in terms of itself.
To get a generating series. Binary string — {0,1}*

Example:

S — Binary string,

S=eU0SULS

We say that this decomposition is unambiguous, as that every string is uniquely created if we can
produce every string in 1 way.

‘When the decomposition is unambiguous, we can use sum Lemma and Prod Lemma.

S(z) =2 + 21 S(x) + ' S(x)

SE)(l—z—2z)=1= 5(z) =

1—-2z
Example:

B ={¢,01,0011,000111,...}, B=€eU0B1

For every string in B, removing the first 0 and the last 1 yields a string in B.

Hence

B(x)=a2"4+2-B(z) -z =1+22B(z)
=B(z)(1-z?)=1
1

=B(z) = T2
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2. Excluded substrings

Def :
Let w and v be binary strings, we say that w contains v if w = © - v - 7 for some binary string © and .
Example:

01 is a substring of 11101000.

Def :
Let u,v be binary strings, we say that u avoids v. If U does not contain V as a substring.
Example:

111 avoids 01.

Example:

10101 does not avoid 010

Example:

S — Binary strings avoiding 00.

S=eU0SULSU10S
Every string in S begins with 0 or 1. If ti begins with 0 it is the bit 0 or a string in 0S.
Using sum lemma and product lemma.
S(xz) =1+ z+ zS(x) + 225 (x)
=Sz (1—z—a2?)=1+=
142

=S(z) = FR——

3. Recurrence Relations

Motivation: Let S(x) = . snz"
We want to obtain formula S,, — function of n.
Example:

Fibonacci numbers: F,, = F,_1 + Fp—92, Fp =0,F; =1

F(z)=fo+ fhiz+ > fix' (3)
i>2
:fo+f1x+2(fi71 + fi—2)a’ (4)
i>2
:f0+f1x+:v2fi—1xi71 +1’2Zfi—2xi72 (5)
i>2 i>2
=fo+fizt+ay_ fix' +2>>  fa! (6)
i>1 7>0
= fo + fiz +x(F(z) — fo) + 2*F() )
(8)
So,
F(z) =14z +z(F(z) — 1) + 22F(x)
=>Fa)(l—-z—2)=14+z—z= F(2) = ﬁ
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o= o1+ fae (n2>2)
fo=0,fi=1

We obtained F(z) = t——»

We want to find f, as a function of n.

l—x—22=—-(22+2-1)

—1+5
2

The roots of the polynomial are
This means that —(z2 + 2 — 1) = —(z — a1)(z — a2)

—1+5
2

—1-V5
2

where o7 = and ag =

Trick: Using partial fractions

1 A B
+
l—z—22 z—o1 x—ao

So,

1=A(x —a2) + Bz — 1)

1

Let t =ay = 1=A(ag —a2)+ Blag—a;) = B =

Qg —Q1
Similarly, A = ali%
Accordingly,
1A B
l—z—22 22— T—as
B A n B
041(0%—1) 042(0%—1)
—A T B T
_ Y \n 4+ = U \n
o 2 2
Thus,
@) = ") Y fua” =
T =z wZ" = fn
1—x— 22
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But also,

n 1 n A 1 B 1
o) = ) = e
x x a1 0y Qg Qg
Notice that
fn:fn71+fn72

fnffn—lffn—QZO (Tl22)

The coefficients of the denominator are equal to the coeflicients of the generating function.

Example:

Let gn be the sequence defined by go = 2,91 = 5,92 =6, and gn = gn — 3gn—2 — 2gn—3 (n >3)

oo oo
Z gna™ = 2(39"’2 + 2gn—3)x"
n=3 n=3

Hence,
oo oo oo
5 gns” = 3 dgn-as” = 3 20 pa =0
n=3 n=3 n=3
So,
oo
Z gnx™ — 322 (G(z) — go) — 203G(x) =0
n=3
So,

(G(z) = go — g1z — gaz?) — 32*(G(x) — go) — 22°G(z) = 0
Factoring G(x), we get
G(z)(1 - 32° — 22°) = 2°(3g0 + g2) + 917 + go

_ 245z + 1227

Gle) = 1 — 322 — 223

Let (gn)n be a sequence of complex numbers satisfying

On — Q1Gn—1 — Q20n-2 — ... — Qkgn-k =0 (n > k)
and some a1, az,...,ar € C.
IfG(2) =3, 509" = ggi;, then the coefficients of Q(z) are a1, az, ..., ak.
Q) =1—az —asz® — ... — apa”

Last time we get:
9n — 39n—2 - 29n—3 =0

Int = T 7302 — 258
n>0
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The coefficients always match.

Motivation:

Now we start from ano gnT” = ggf; and look for the initial recurrence.

Example:
1—3a+4a?
D(z) = ¥, 5 dna™ = 1575507
Recurrence
From theorem, gn —2gn—1 —3gn—2=0 (n>3)
‘We also need do,d7,do.

Multiplying by the denominator, we get:

(1-2z— SxQ)D(Z dnz™) =1 — 3z + 42°

n>0

Compare [2°] on both sides.

l-do=1=dp=1

Compare [z'] on both sides.

1'd1—2~d0=—3:>d1=—1

Finally, compare [z%] on both sides.

l—do—2-di=4=do+2=4=dy=2

So, the recurrence is dn, — 2dn—1 — 3dn—2 =0 (n > 3) with initial cases dp = 1,d1 = —1,d2 = 2.

xiv. Motivation

IfG= 5837 we can recover g, as functions of n using

[Some notes...]
Example:

Consider G(x) = 1_32;5%

Then s.t. term of the denominator is 1V

1—322 — 223 = (14 x) - ¢(x) such that deg(q) = 2
Forz=—1,1-3(-1)2-2(-1)3=0

Then we can find g(z)

[some notes...]

So,

z)(1 —z — 222)
)z +1)(1—2x)
)?(1 — 22)

— (—))*(1 - 22)

(=223 — 322 +1)

=1+
=(z+1
=(z+1
=(1

From the theorem,
gn = P(n) - (=1)" + P2(n) - 2"(n > 0)

Then we can obtain Pj(n), P2(n),deg(P1) < 2,deg(P2) < 1.
gn = (An+ B)(-1)"+C-2" (n>0)
For some constants A, B, C.
For n =0,
go=B-(-1)°+C-2°
=B+C
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Forn =1,
g1 =(A+ B)(-1)+2C
For n = 2,
go=(2A+ B)+C-2°
=4C+2A+ B

Since G(x) was given as a generating function, the values are not yet known.

245z
G(z) = Z gnx" = 1322 — 9.8 = (1—32% — 2x3)(z gnx™) = 2 + 5 + 02>
n>0 n>0

Comparing coefficient, we get: go =2,91 =5,-3g90+ 92 =0= g2 =6

So our system of equations is:
go=B+C=2
g1=(A+B)(-1)+2C=5
g2 =(2A+B)+4C =6

Then we can solve for A, B, C.

Review Solving a linear recursive relation for a sequence {a, },>¢ means find a formula for a,, in
terms of n (”closed form expression”).

Example:

A sequence {an }n>0 is defined by

bo =2,b1 =2,bp =14,b3 = —6,by, —3by,—1 — 3bp,—2+ Tbp—3+6=0

Considers the polynomial (¢y) = y* — 3y® — 3y? + Ty + 6.
Find roots of ¢y. (¢ —1) =0 — y = 1 is a root.
Then we do long division to get (cy) = (y — 1)(y® —4y? +y +6) = (y — 1)2(y — 2)(y — 3).
Solution in the recurrence is given by by, = (A + Bp)(—1)" + C2™ + D3"™.
Where A + By, polynomial in n of degree 1, C'2™ and D3"™ are exponential functions.
We find A,B,C,D by substituting bp = 2,b1 = 2,b2 = 14,b3 = —6.

e bp=(A+B0)(-1)°+C-2°+D-3=A+C+D=2.

o by =(A+BL)(-)'+C-2'+D-3' = —(A+B)+2C +3D =2.

e by =(A+2B)+4C+9D =14

e b3 =—(A+3B)+8C+27D = —6.

We find

e A=—-1,B=1,C=1,D=0.

So,
bp = (—1+4n)(—1)" +4-2" —3" ¥n >0

Back story:

We use the relation between the sequence {by},>0 and the rational function
the sequence of coefficients

ie. ano bpx™ = g(z;'

€T
We can find the coe%ﬁcients using partial fractions.

P(z)
Qz

where the sequence is
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In our example, the polynomial Q(z) = 1 — 3z — 3z + 72> + 6x*, To use partial fractions to find the
coefficients of %, we want to write Q(z) = (1 — Ajz)4 --- (1 — A\ez)® for numbers A; ...\ and positive
integers d; ... ds.

These inverse roots A1 ... \; are the roots of

(cy)=y" —3y> = 3y> + Ty +6
=(y—A)" e (y— M)

In our example, we have \1 = 1,d1 =2, A2 =2,da =1, 3 =3,ds = 1.
Then we will write

Plz) A n B n C n
Q) 1+x (1+z)2 1-2z 1-3z

=AY ()% + B Y (-1 (2;: 1) (-D)"a"+C > 2" + DY 3"

n>0 n>0 n>0 n>0

(using Binomial Series)

=Y bax"=> [(-D)"(A' +B'(n+1)+ 2"C+3"D |a"

n>0 n>0 poly in n degree 0

Why is this the right polynomial for Q(z)?

Z T

n>0

z)

B(
Q(x)

= bo + biz + boz® + b3z’ + Y (3bu—1 + Bby—2 — Thp_s — 6bp_4)2"
n>4

=bo + b1z + box” + b3z’ +3D bp1z" +3) byoz" =T bpga" =6 by az”

n>4 n>4 n>4 n>4
Z bpz™ = by + b1z + baz® + bsz® + 3z Z bpz™ + 32° Z bpx™ — T2° Z bpz™ — 627
n>0 n>3 n>2 n>1

Let G(z) = 3=, 50 bnz™, then

G(x) = bo+b1z+boz” +b3z® +3z(G () —bo +brz — baz®) + 32 (G(x) — b + brz) — T2 (G () — bo) — 62 G()
So
G(x)(1 — 3z — 32° 4+ 72® 4 62") = some poly of degree less or equal to 3, call it P(x)
_ P(z)
© 1—3z — 322 + T3 — 624

G(x)

II. Graph Theory

A graph G consists of a set V = V(G) of vertices and a set E = E(G) of edges, where each edge is a subset
of V' of size 2.
Example:

V(G) ={a,b,c,d}, E(G) = {{a,b},{a,c},{c,d},{d,b}}.
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V(G): set of vertex of the graph G we’ll assume V(G) is finite unless it is explicit stated otherwise.
E(G): set pf edges pf G each edge is a subset pf V(G) of size 2.

G = (V,E): a graph G is a pair of sets V and E.

Example:

V(G) = {a7 b? c? d7 e7 f7g}
B(G) = {{a,9},{b, g}, {b, e}, {b, c}, {c, d}, {d, 9}, {f, 9}}

Example:

This does not represent a graph because the pair {2,5} appear as an edge twice.
This violates the condition that E(G) is a set of pairs of vertices (It is not a multiset).
i.e. our graphs have no multiple edges. Similarly, out graphs have no loops.

Def :
ﬁsay vertices x and y are adjacent in the graph G if zy € E(G).
We also say

e the edge e = xy joins x and y.

e the edge e = xy has endpoints x and y.

the edge e = xy is incident to x and to y.

e x is a neighbor of y (and vice versa).

The number of edges of G incident to vertex x is called the degree of x in G1 and is denoted deg(z).

Example:

Canada graph: edges represent the relation ”share a land border”.
deg(NT) = 5,deg(PE) = 0 A vertex of degree 0 is called an isolated vertex.
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Example:

A = C since V(A) = V(C) and E(A) = E(C).
B # A since for example ad € E(B) but ad ¢ E(A).

Note: B and a have the same ”Structure” but just different labels on their vertices we say A and B
are isomorphic.

An isomorphism from a graph A to a graph B, is a function f: V(A) — V(B) that is

1. a bijection from, V(A) to V(B)
2. satisfies f(z)f(y) € E(B) if and only if zy € E(A).

Example:

Follow the last graph:
f:V(A) — V(B) in our example is an isomorphism:

o fla)=a
o fb)=¢
o f(c)=d
o f(d)=c
o fle)=b

Check edges ac € E(A) and f(a)f(c) =ed € E(B).

Def :

The degree deg(z) of a vertex x in a graph G is the number of edges incident to v.

Def :

If every vertex in G has the same degree r, we say G is r-regular.

—
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Example:

Q: Draw all 2-regular graphs with 5 vertices up to isomorphism [Means: every 2-regular graph with 5
vertices must be isomorphic to exactly one graph on your list.]
Not possible!

Theorem :

For any graph G, 3° .y () deg(v) = 2|E(G)].

L.

The LHS counts every edge of G exactly twice, once for each of its endpoints. O

Corollary:(Handshaking Lemma): In any graph G, the number of vertices of odd degree is even.

Claim: G and H are isomorphic we must exhibit an isomorphism f : V(G) — V(H).
v | f(v)

'S

a
b
c
d

N Ot = W

e

f 6

Check edges of G:
e ab— 43

e bc— 31
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e ca— 14
e cg — 26
e gd — 65
e de — 52
e ae — 42
e gb— 63
e dc— 51

There are no other edges of H, These vertices f is an isomorphism.

Q: How to show two graphs are isomorphic?

A: Exhibit and isomorphism.

Q: How to show two graphs are not isomorphic?

A: We don’t know lol, no algorithm for polynomial time. Try: looking for ”substructures” that are
independent of the vertex labels, and are different in the two graphs.

Example:

degree 3 | 4 5

abc |degih | f
Degree sequence: 3,3,3,4,4,4,4,4,5
degree 3 | 4 5

ptr [uvgsx | w

Degree sequence: Same sequence as G.

IF there exists an isomorphism from G to H then it must map{a,b, c} of degree 3 in G to {p,t,r} of
degree 3 in H.

e.g
e a—p
e b—t
e c—r

Would not work, since bc € E(G) but tr ¢ E(H).

More generally, no map from {a, b, c} to {p,t,r} can work.

Can be part of an isomorphism, since a, b, ¢ are all mutually adjacent in G. (i.e. they form a triangle)
but r is not adjacent to either p or t in H.

This certifies that G and H are not isomorphic.
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i. Some special graph

K
kK; —~

|<3 /if_}

Ke ]
Ke <&

Complete graph K, on p vertices all v,w € V(K,) the edge vw € E(K),).

So |E(K,)| = (5) = 2&-Y.

Normally we don’t label the vertices of K,.

(All complete graphs with p vertices are isomorphic.)

A B

e We say a graph G is bipartite if there exists a partition AU B of V(G) such that every edge
of G has exactly one vertex in A and exactly one vertex in B.

o (A special bipartite graph) The complete bipartite graph K, , with parameters p and r is the
bipatite graph with vertex classes A and B, |A| = p, |B| = r, and all edges joining a vertex
in A to a vertex in B.

Lemma: Let G be a bipartite graph with vertex classes A and B.

Then
> deg(a) = deg(b) = |E(G)|
acA beB
PL.
Both expressions count every edge of G exactly once. O
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For each n, we define the n-cube @, to be the graph with vertex set V(Q.) = {o € {0,1}"} (binary strings
of length n)

The edge set if {o7 : o, 7 differ in exactly one bit}

e (), has 2™ vertices

e every vertex of @), has degree n, i.e. @y is n-regular

So b Handshaking Lemma:  2|E(Qy)| = n|V(Qx)
¥\ Double Counting;: 2|E(Qn)| = n2" !

Lemma: @, is bipartite for every n.

L£f.
We can partition V(@) into

A ={0c€{0,1}" : 0 has an odd number of 1’s}

B = {0 €{0,1}" : ¢ has an even number of 1’s}

Then each edge o7, o and 7 differ in exactly one bit, so one of o, 7 has an even number of 1’s, the other
has an odd number of 1’s. O

Let n and k be fixed, 1 < k < n. The kneser graph with parameters n and k has vertex set {U <
{1,...,n},|A| = k} The edge set is
< {1,...,n}, 4] = k}

{uw:unNw =0}
This graph has () vertices. (If k > %, then this graph has no edges.)

m
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The edges of a vertex U is the kaneser graph with parameters n and k is [1,2,3,...,n]
n—=k
k

Draw all bipartite graphs with 4 vertices up to isomorphism. (i.e. every bipartite graph with 4 vertices
should be isomorphic to exactly one graph in our list.)

Example:

Peterson Graph: n =5, k = 2

n=>5
K=2
3-Regular

Peterson Graph ->

Def :

A walk in a graph G from a vertex x to a vertex y is a sequence of vertices and edges vo, €1, v1, €2, V2, . . . , €k, Vg
where vo = z, v = y and for each i > 1, e; = v;—1v; often we just write the sequence of vertices vov1 - - - Vg,
since the edges are determined by the vertices.

Example:

a walk from d to g:
dheabfehg

De

A path in a graph G is a walk in which all vertices are distinct, and hence all edges are distinct.

{anr

The length of a walk or a path is the number of edges (counted with multiplies for walks). A single vertex
is a path (or walk) of length 0.

Def :

A subgraph of a graph G is a graph H satisfying V(H) C V(G) and E(H) C {z,y € E(G) : z,y € V(H)}

If E(H) = {2y € E(G) : x,y € V(H)} then we way it is the subgraph of G induced by V(H)

If P = wov1 - - - vy is a path in a graph G then P determines a subgraph of with vertex set {vo, v1,..., V-1, Uk }-
We refer to the subgraph as a path in G as well.
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Def :
The subgraph h of G is said to be spanning if V(H) = V(G)

Example:

H a subgraph of G with vertex set {d, h, g, b} (not induced)

Q: If H is a spanning induced subgraph of G, then what is H?

H=G

Does our examples G have a spanning path? A spanning path is called a Hamilton path

Def :

Hycle in a graph G is a subgraph with vertex set {vi,v2,...,vx} where k > 3, and v;_1v; is an edge for
each ¢ > 2 and vivy is an edge.

The length of the cycle is k

We also talk about a cycle c; as a graph by itself, with vertex set {v1...vx} and edge set as described
before.

A cycle of length 4 in G: abcd
A cycle of length 6: aefghd
A cycle of length 8: aefbcghd a spanning cycle (Called a Hamilton cycle)

Q: How to tell whether two graphs are isomorphic?
If yes: must exhibit an isomorphism

If NO: no good procedure known for this!

Try: comparing basic properties of the two graphs, such as

e degree sequence

e cycle lengths

e bipartiteness

e presence of special sub-graphs

Note: If the two graphs differ in any of these respects, they are NOT isomorphic.
Example:
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Are they isomorphic?

Degree sequence:

G: 6,4,4,4,4,4,4 H:5,5,5,5,55,5

If there exists an isomorphism h : V(G) — V(H) then h(a) =1

This would mean that G’, the graph obtained by removing a from G, would be isomorphic to H’, the
graph obtained by removing 1 from H.

H’ contains a cycle of length 3 : 2,3,4, G’ has no cycle of length 3, OR G’ is bipartite and H’ is not.

Lemma: Let G be a (nonempty) graph in which every vertex has degree at least 2. Then G
contains a cycle.

Pf.

Let P be the longest path in G, say P = wvov1 ---vk. Then every neighbor of vy is in {vo, -, vk—1}, since
otherwise P could be extended to a longer path.

Since deg(vi) > 2, there exists v;,0 < ¢ < k — 2, such that v;vx € E(G). Then v;vi41 - v gives a circle
in G. O



A graph G is said to be connected if for every z,y € V(G), there exists a path from x to y. If G is not
connected it is called disconnected.

ef

Def :
A component of a graph G is a max connected subgraph of G.

Means: H is a component of G &

e H is a subgraph of G
e H is connected

e there is no larger connected subgraph J of G containing H

Lemma: Suppose there exists a walk from x to y in a graph G. then there exists a path from x to y in a
graph G.

Pf.

Let w = vov1 - - - vi, be a shortest walk from = = vy to y = vg in G. We claim W is a path from x to y. If
not, then v; = v; for some i < 5,0 <4,j < k.

But then vouy - - - v;vj41 - - - vx would be a shorter walk from x to y, contradicting our assumption on w.
Here w is a path.

Theorem :
A (nonempty) graph G is connected if and only if there exists a vertex v in G such that for all z € V(G)
there is a path from x to v.

Lt
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(=) Suppose G is connected. Fix any vertex v. Then by definition of connected, every vertex x is joined
by a path to v.

(<) Suppose v exists. Let 2,y € V(G). Then there exists a path P from x to v and a path Q from y to v.
So PQ), the walk obtained by following P from x to v, followed by @, the path from y to v taken in reverse,
is a walk from z to y, Hence by the lemma, there exists a path from x to y. So G is connected. O

Example:

Show the n-cube @ is connected V(Qn) = {0,1}". Choose v = 00---0. Take an arbitrary vertex
x. Let i1 - - - i be the positions of the 1’s in x. For j = 1...k, Let 7 be the binary string with q in
positions 41 - --4; and 0’s elsewhere.

Then

vry € E(Qn)
z122 € E(Qn)

Tp—12; € B(Qn) zp =2z
Therefore, vxizs - - - 12k is a path from v to x. Hence, by the theorem, @, is connected.

How to show a graph is not connected?
Let G be a graph

Let X be a subset of V(G). The cut induced by X is {zy € E(G)mz € X,y ¢ X} We say X C V(G) is

proper if § # X # V(G).
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Theorem :
Let G be a graph then G is connected if and only if for every proper subset X of V(@) the cut induced by
X is non-empty.

Pf.

(=) Assume G is connected. Let X be a proper subset of V(G). Since X is proper, there exist vertices
reXandy¢ X.

Let P = vov1 - - - vk, be a path from x to y, where vo = x and vi, = y. Let i be the smallest index such that
v, € X and vi41 € X. (Exists since vg € X, v € X)

So v;v;41 € E(QG) in the cut induced by X.

(«=) Suppose G is not connected. Then there exists z,y € V(G) that are not joined by a path. Let X be
the component 0 € G that contains x. Then y ¢ X. By definition of component, the cut induced by X is
empty.

Example:
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Let ar, be the graph with vertex set {0,1}", where 0o’ € E(ay) if and only if o and ¢’ differ in exactly
2 bits.

Example:
Prove Gy, is not connected, by showing
X = {0 € V(Gn) : 0 has an even number of 1’s}

induces an empty cut.

De

walk vov1 ... v, is a closed walk if vog = vn,.

-+

Note that if vov1 ... v, is a closed walk, then for each 4, v;v;y1 ... v; is also a closed walk.

Def :
An Eulerian walk in a graph G is a closed walk that contains every edge of G exactly once.

Def :

graph G is said to be even if every vertex has even degree.

Theorem :
Let G be a connected graph. Then G has an Eulerian circuit if and only if G is even.

Pf.
=)

If G has an Eulerian circuit W then the edges at each vertex must be paired by w as it enters and leaves
v on distinct edges. Thus, deg(v) is even.

(<)
Suppose G is a connected even graph. We preceded by induction on m = |E(G)]|.
Base case: m = 0. Then G is a single vertex and the result is trivial.

Hypothesis: Assume that the result holds for all connected even graphs with fewer than m edges has an
Eulerian circuit.

Induction Step: Consider a connected even graph G with m edges. Hence, every vertex of G has degree
> 2. Hence, by a previous theorem, G contains a cycle C.
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Let G’ be the graph obtained by removing all edges of C' from G. Then in G’,

dega(v) =2 ifv e V(C)
dega (v) otherwise

degy (v) = {

Then G’ is even, so each component G; of G’ is connected, even, and has fewer than m edges. Hence, by
IH G; has an Eulerian circuit W;. Each G; contains a vertex v; of C, since G was connected.

Thus inserting into C', W; at v; for each i, gives an Eulerian circuit of G. O

Example:
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ii. Bridges and Trees

Def
Let G be a graph and e € E(G). We write G—e for the graph with vertex set V(G) and edge set E(G)—{e}.

Def :
An edge e of G is called a bridge of G if G — e has more components than G has. In particular, if G is
connected then e is a bridge if G — e is disconnected.

Lemma: If e = zy is a bridge of connected graph G, then G — e has exactly two components, C; contains
x, and Cy contains y.

Pf.

Suppose z is not in the component C, containing x. Since G was connected, there was a path P in G from
x to z. Hence, P must contain e, say P = xz(e)y1y2 . ..yrz. Then yyi1ys2...yxz is a path in G — e joining y
to z. Hence, z € C.

(Clearly G — e has at least 2 components by definition of bridge.) O

Lemma: If e = zy is a bridge of a connected graph G, then G — e has exactly two components
G, containing « and G, containing y.

Theorem :

Let G be a graph. The edge e is a bridge in G if and only if e is not in any cycle of G.

Pf.
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Let G’ be the component at G containing e.

=)

Suppose e is in a cycle C of G. Let e = zy, then in G’ — e, C — e is a path from z to y. So x and y are in
the same component of G’ — e.

Hence, by the lemma, e is not a bridge of G. (hence e is not a bridge of G)
(<)

Suppose e is not a bridge of G’. Then by definition of bridge, G’ — e is connected. Hence, there is a path
P in G’ — e from x to y. Then P together with e = zy forms a cycle in G’ containing e.

Def :

A tree is a connected graph with no cycles.

Proposition: Let G be a tree. Then for every pair of vertices x and y, there is a unique path joining x to
y in G.

Pf.

Since G is connected, there is at least one path joining x to y. Suppose that Py = vo,v1,..., v is a path
vo = to vy, =y and Py = wo, w1, ..., w; is another path from wo = = to w; = y.
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Suppose P, and P, are not identical. Then there exists an edge, say v;vi+1 in Pi. (WLOG) but not in P.
Then we can find a walk in G — e, where e = v;v;11, from v; to vig1: Vivi—1 ... V0(Z)Payvk—1 ... Viy1.
Hence, by our earlier theorem, there exist a path P from v; to v;41 in G — e.

Then P together with e is a cycle in G containing e, a contradiction. Hence, the path from z to y is
unique. O

1iii. Tree

Some properties of trees:

e every pair of vertices joined by a unique path

e every edge is a bridge

Q: How many edges can be in a tree with P vertices?

[graph: 6 vertices]

Theorem :
Every tree with p > 1 vertices has exactly p — 1 edges.

Pf.

‘We use induction on P.
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Base case: P = 1. The tree is just a single vertex, so there are 0 edges.

IH: Assume p > 2 and that every tree with p’ vertices, where 1 < p’ < p, has exactly p’ — 1 edges.
Let T be a tree with p vertices. Since p > 2 and T is connected, s.t. contains on edge e = zy.

Then e is a bridge, so G’ = T — e has exactly two components T, containing = and T}, containing y.

Then T is connected (by definition of component) and has p; > 1 vertices, and contain no cycles. Hence,
T, is a tree.

Similarly, T, is a tree with p, > 1 vertices.
Since pz + py = p, and p, > 1,py > 1, we see p; < p and py < p.
Hence, by IH, Y, has exactly p. — 1 edges and Ty has exactly p, — 1 edges.

So |E(T)| = |E(Tx)| + |E(Ty)|+ 1 =ps—1+p,—1+1=p—1. O

€

N

€

D
A forest is a graph with no cycles. (Hence each component of a forest is a tree.)

Corollary: A forest with p > 1 vertices and k& > 1 components has exactly p — k edges.

De

A leaf in a tree is a vertex of degree 1.

—
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Note that every tree (with at least 2 vertices) has a leaf, by our earlier theorem that every graph in which
all degrees are > 2 contains a cycle.

Theorem :
Let T be a tree with p > 2 vertices. For i = 1,2,...,p, let n; denote the number of vertices in T" with
degree i. n1 =2+ n3 +2ns+3ns+ -+ (p — 2)n,.

LBt
By Handshaking Lemma, 3, .y ) deg(v) = 2[E(T)].

By our previous theorem [E(T)| =p—1, So n1 +2n2 +3ns + -+ pnp = >_ v () deg(v) = 2(p — 1)

Also, n1 +n2 +n3+---+np =p.

So
2p =2n1 +2n2 + -+ 4+ 2n,
2(p—1)=ni1+2n2+3n3+---+pn,
2=n1—n3g—2n4—3ns —---— (p—2)n,
Hence, n1 =2+ mn3+2n4+3ns + -+ + (p — 2)n,. O
Example:

What is the smallest possible number of leaves in a tree with 3 vertices of degree 4 and 2 vertices of
degree 57

ny=24+n3+2ns+3ns+---+(p—2)np
>2+42(3)+3(2) +...
> 14

So the smallest possible number of leaves is 14.

Same situation what is the largest possible number of leaves? (Exactly 14 leaves)

[131]

Answer: “co” i.e. no upper bound.
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1. Spanning trees

Def :

A spanning tree in a graph G is a subgraph of G that is a tree, and V(T) = V(G).

Theorem :

A graph G has a spanning tree if and only if G is connected.

£t

(=) If T is a spanning tree then there exists a path P, in T joining every pair x and y of vertices in V(T).
Then P,y is a path in G joining x and y, and V(G) = V(T'). So G is connected.

(<) Assume G is connected. If G has no cycles then it is a tree, hence its own spanning tree. Otherwise,
there exists a cycle in G. Let e € E(C). Then e is not a bridge of G, so G — e is connected. By repeating
this, we eventually obtain a spanning tree of G. O

Corollary: If G is a connected graph with p vertices and p — 1 edges, then G is a tree.
PL
Since G is connected it has a spanning tree T. |E(T)| =p — 1 = |E(G)|. Hence, G =T. O

Theorem :
Let G be a connected graph and let T' be a spanning tree of G. Let e € E(G) — E(T'). Then

(i) The graph T + e obtained by adding e to T contains exactly one cycle Cy and C contains e. (The
” fundamental” cycle for e.)

(ii) (T'+e) — f is a spanning tree of G for each f € E(C).
P

(i) Since T is a tree, T + e contains a cycle Ci. Since T is a spanning tree, V(T) = V(G), so C1 contains
all vertices of G.

Let e = zy Since T has no cycles, all cycles in T+ e contain e. There is a unique path P in T from x to y,
hence P — e is the unique cycle in T" + e that contains e.

(ii) Let f € E(C). Then C = Cy —e+ f. Since T is a tree, T 4+ e — f contains no cycles, so (T'+e) — f is
a tree. Since V(T') = V(G), (T'+ e) — f is a spanning tree of G.

Since f is in a cycle in (T'+e) — f is connected. Since V(T +e— f) =V(T) = V(G) and |E(T +e— f)| =
|E(T)| = |V(G)| — 1. Hence, by the corollary, T+ e — f is a tree, and hence a spanning of G. O

Theorem :
Let G be a connected graph and 7T a spanning tree in G.
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Let e € E(G), Let e = zy. Then

1. T — e has exactly two components, T}, containing  and T}, containing y.
2. For each edge f in the cut in G induced by V(T3), (T — e) + f is a spanning tree of G.

Pf.

Since e is a bridge of T, (a) follows by our earlier theorem.

(b) Let f = uv where v € V(T}) and v € V(Ty). Every vertex in V(T}) is joined to v by a path (since T,
is connected.)

Every vertex in V(T%) is joined to v by a path in T} to a, together with the edge e.

Hence every vertex in V(QG) is joined to v by a path in (T, UT, —e) + f.

Hence T + e — f is connected. Since it has |E(T)| edges, it is a spanning tree. ]

Finding a spanning tree start by setting

V(T) := {a} where a is any vertex in V. E(T) :=0)

While there exists an edge e = vw € E(G) with w € V(T') and w ¢ V(T):
Choose such an edge uw:

e put e into E(T)
e put w into V(T)

Stop Output 7', a spanning tree of G.

Lemma: Every tree is bipartite.
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Pf.

By induction on P, the number of vertices in the tree T.

Base case: P = 1. The tree with one vertex is bipartite.
TH: Assume P > 2 and every tree with P — 1 vertices is bipartite.

Let T be a tree with practices. Since p > 2, T has a leaf. Then T - x is a tree with P — 1 vertices, which
is bipartite by IH.

For a bipartition AU B of T'— z, WLOG the neighbor y of z in 7" is in A. Then AU (BU{z}) is a
bipartition of T. O

Question: How to characterize the bipartite graphs?

Answer: A graph is bipartite if and only if it contains no odd cycle (i.e. cycle of odd length).

Pf.
=)

Suppose C' = vov1 - - - vxvp is an odd cycle, i.e. k is odd and vivg is an edge. If C is bipartite, then WLOG

e v; € A. Then v; € B for even 1.
e v; € A. Then v; € A for odd 7.

But then vivy is an edge between two vertices in the same set, which is a contradiction.
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(<)

Assume G is a graph that has no odd cycle.

Suppose G is not bipartite. Then it has some component G’ that is not bipartite. Let T' be a spanning
tree of G’. Then T is bipartite, so there exists a partition A U B of V(T) = V(G’) such that each edge of
T has one end in A and the other in B.

Since G is not bipartite, there exists an edge of G' (which is not in T) that joins two vertices in WLOG A.
Call this edge e = uw. Then u and w are joined by a (unique) path P in 7'

Since T is bipartite with parities A U B, the path P = uvivs---vpw has u € A so v1 € B and in general
v; € Bif 7is odd and v; € A if ¢ is even.

So k is odd, hence vy € B. So the path P has even length. Hence, P U {e} is an odd cycle in G,
contradiction. So G is bipartite, with bipartition A U B.

2. Planner Graphs

Def :

e
A graph G is called planner if it can be drawn in the plane R? such that,

e no two edges intersect (except at their common endpoints, if it exists)

e no two vertices coincide. (”inconclusive”)

Example:
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Asking: Is k3,3 planner?

Answer: No.

We will find out a concrete way to prove that a graph is not planner.

A drawing of a planner graph G that showing it is planner is called a

e planer embedding of G.
e planer drawing of G.

e planer map of G.

A graph is planner if and only if all its components are planner. So we will usually focus on connected
planner graphs.

Def :
Let C), be a connected planar graph, and let G be a planar drawing of G.

Then G partitions the plane into connected regions called the faces of G.
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One face of G is unbounded. We call it the outer face of G.

For a face f of G, the set of vertices edges on the perimeter of f is the boundary of f. The vertices and
edges of the boundary of f are said to be incident to f. Two faces are said to be adjacent if they are both
incident to the same edge.

For a face f and a vertex v incident to f the sequence vo, v1, ..., vk, vo of all the vertex and edges of the
boundary of f listed in order is which they are encountered as one more around the whole perimeter of f.

Every boundary walk, vertices might to might appear several times, edges appear either once or twice.

The boundary walk of a face f is unique up to choice of beginning vertex and direction.
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The number of edges (counted with multiplicity) in the boundary walk of f is the degree of f.

Notes:

e If edge e is in a cycle, then e is incident to two different faces. If e is a bridge then it is incident to
the same face on both sides.

e If G is a tree, any planner drawing of G has one face so if |V (G)| = p, this face has degree 2|E(G)| =
2p — 2.

Theorem : ~ ~ ~
Let G be a connected planner graph and G a planner drawing of G. Let F(G) be the set of faces of G.

Then
> deg(f) = 2|E(G)]

FEF(G)

Pf.

Fach edge e contributes 1 to the degree of the two faces incident to it, if it is not a bridge. It contributes
2 to the unique face incident to it, if it is a bridge.

Hence,

Y deg(f) =2|B(G)

FeF(G)
(?Face Shake Lemma”) O

Theorem Eular’s Formula:
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For any planner drawing G of a connected planner graph G.

V(G = [E@G)| + |F(G)| =2

Pf.
Let p = [V(G)l,q = |BE(G)],s = [F(G)]-

Fix p and use incident on q.
Base case: p=1. Theng¢=0,s=1. p—q+s=2.
TH: Assume ¢ > p and the statement is true for all graphs with ¢ = 1 edges satisfying the condition.

Let G with parameters p,q,s be given. Since ¢ > p, G has a cycle. Let e be an edge in a cycle.
Then e is incident to two distinct faces of G. Then G — e is a planner, G — e is a planner drawing.
VIG— el = p,|B(G - )| = q—1,|F(G —e)| = 5 — 1.

Also, G — e is connected since d is not a bridge of G.
Hence, by IHp— (¢ —1)+ (s —1) =2.

Then p — g+ s = 2. O

This implies that all planar embeddings of a planar graph have the same number of faces.
Can a planar graph have several embeddings?

Example:

Face degrees in Gy: 3,3,4,10
Face degrees in Ga: 3,3,7,7
Note:

o The set of graphs that can be drawn in the plane without crossing edges

e The set of graphs that can be drawn on the sphere without crossing edges
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Consequence: If G is a planar drawing of a connected planar graph G and f is a face of G, there exists a
planar drawing of GG in which f is the outer face.
Example:
Find the number of faces of any planar drawings of connected planar graph G with p vertices that is
4-regular.
HL: g = |E(G)|. Then 2q =}, cy (g deg(v) = 4p = q = 2p.
By Euler’s formula, p—g¢+s=2=p—-2p+s=2=s=p— 2.

3. Platonic Graphs

Def :
A graph is called Platonic if it is planar, all vertices have the same degree d, and all faces have the same
degree d*.

Lemma: Let G be a connected planar embedding of a planar graph with p vertices, g edges and s faces.
Suppose each vertex has degree d > 3 and each face has degree d* > 3. Then

(d,d") €{(3,3),(3,4), (4,3),(3,5),(5,3)}

Also
2dd* 2¢ 2

1= 9q2a —aa? =~ a* " @
Pf.
By HL, 2¢ =} cy () deg(v) = dp = q = 2p — 2.

By ”Face Handshaking Lemma”, 2q = 3 (¢ deg(f) = d"s = s = 3—2,
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By Euler’s formula,

p—qts=2
2q 2q
21 2 _9
a1t

q (% -1+ %) =2
q(2d" +2d—2d) =2d-d"
2d* —dd* +2d >0
2d" —dd* —2d <0
(2-d)(d—-2)<0
But d and d* are integers, both > 3. So the only possibilities are
e d=3,d" ={3,4,5}
e d=4,d"=3
e d=5d =3

Now we’d like to show that for each possible pair of parameters (d,d"), there is exactly one graph.

e (d,d") = (3,3): K4 is an example. It has p = 4 vertices and is 3-regular
K is the unique graph with these parameters.

o (d,d") = (4,3): Then q = 5294 =12,
Thenpz%zGands:j—Z:

A graph with these parameters has a pairing of vertices {v, 9} such that v’s only non-neighbors is
U, and v’s only non-neighbors is 0.
So this graph is unique.

The rewoun Mg P £ (d o YY) each have a uwm s Platou it S ph, as Shown

" Ll ld\:-il—f':, J\\\_\ — e "7

feusa hedron

hodicabied ron

Q: How to show a graph is planner?

A: Exhibit a planar embedding.
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e Look for a long cycle C' in the graph.
e Embed C in the plane, as a ‘circle’.

e Try to fit in the remaining vertices and edges, either inside or outside the circle.

Lemma Let G be a planner embedding of a connected planar graph G. Let f be a face of G. If
the boundary B(f) does not contain a cycle, then G is a tree.

Pf.

The boundary walk of f contains all vertices and edges of B(f), so B(f) is a connected subgraph of G.
Hence, B(f) is a tree since G is connected, it is not possible for vertices z € U(G)\U(B(f)) to be present.
Hence, G = B(f), which is a tree. O

Contrapositive: If a connected planar graph contains a cycle, then every face of every planar embedding
contains a cycle in its boundary to particular, every face has edges > 3.

Theorem :
Let G be a planar graph. Then |E(G)| < 3|V(G)| — 6.
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Pf.

If G is not connected, we may add edges between components one at a time, so that the resulting graph
is still planar. This does not change P = |V(G)| and increases ¢ = |E(G)|, so it suffices to prove the
statement for connected planar graphs. Hence, we may apply Eular’s Formula. O

e If G does not contain a cycle then G is a tree. Then ¢ =p—1 < 3p — 6.

e If G does contain a cycle then every face of every planar embedding G of G contains a cycle in its
boundary. So deg(f) > 3 for every face of G. Let F((?) denote the set of faces. Then by Face-shake
Lemma. 2q =} cp ) deg(f) = 3s, where s = |F(G)[. By Euler’s Formula p — ¢ + s = 2 we get
§=2+q—p.

Hence, 2¢ > 3(2 + g — p), which implies ¢ < 3p — 6.

Is it best possible? i.e. Do there exist planar graphs with p vertices and exactly 3p — 6 edges?

Example:

p=3,4,5... Example exist for every p > 3.

2 4 7=%,9 5
INA WD - -
Avtry P25
Col: K5 is not planar.
Pf.
We have p = |V(K5)| =5, ¢ = |E(Ks)| = 10, and 3p — 6 = 9 < ¢. So K5 is not planar. O

Note: If ¢ < 3p — 6 it does NOT mean graph is planar!

. 17:6
24 o ‘{,LH ¢77F_{3
louk 61‘6113"““\ 1% b\olr '{31\&{\:\6\ T

Theorem :
Suppose G is a planar graph in which every face has degree at least k. Then |E(G)| < 25 (|V(G)| - 2).
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PL
Same as previous proof until 2¢q = ZfEF(@) deg(f) > ks, where s = |F(é)| By Euler’s Formula:
29> k(2+q—p)

2q > 2k + kg —kp
k(p—2) > (k—2)q

k
< ——(~mp—-2
1< —5-2)
O
The girth of a graph is the length of its shortest cycle (infinite, or not defined, if G has no cycles).
Cor: Any planar graph G with finite girth & has at most %5 (|V(G)| — 2) edges.
Cor: K3 3 is not planar.
bf.
Since K33 is bipartite, it has no 3-cycle. Its girth is 4. Then since ¢ = 9,p = 6 for K3 3, but yT’Q(p—2) = 8.
So K33 is not planar. O

Cor: Let G be a planar graph. Then G has a vertex of degree < 5.

Pf.

Let ¢ = |E(G)| and ¢ = |[V(G)|. Then by our previous theorem ¢ < 3p — 6. Suppose on the contrary that
all vertices of G have degree > 6. Then by HL.

2q = Z deg(v) > 6p Hence q > 3p, contradicting g < 3p — 6.
veV(G)

Q: Do there exist planar graphs such that all vertices have degree > 57

A: Yes! For example, the icosahedral.

4. Subdivisions

Def :

Let H be a graph. An (edge) subdivision of H is any graph J obtained by replacing each edge e = zy of
H by a path P,y from z to y, of length > 1, such that each vertex of Uyyc gy (V (Pey)\{2,y}) has degree
2in J.
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A graph is planar if and only if every subdivision of it is planar.
Q: How to tell if a graph is NOT planar?
Fact: If a graph G contains a subdivision of ks or k3 3, then G is not planar.

Lf.

Any subdivision of ks or k3 3 is not planar, so G is not planar.

Theorem Kuratowski’s theorem:
A graph is planar if and only if it does not contain a subdivision of ks or ks 3.

Pf.

(=): as fact above.

(«): Use as fact, beyond the scope of this course (CO 342)

A: Exhibit a subgraph of G that is a subdivision of ks or ks 3.
Given a graph, how to determine whether it is planar?

Following are some criteria to check (NOT planar if any of the following is true):
e Do all vertices of G have degree > 67
e Isqg>3p—67
e Is ¢ > X (p — 2) where k is the girth of G?

Otherwise:

e Can we find a planar embedding of G? = G is planar.

e Can we find a subdivision of ks or k3,3 in G? = G is not planar.
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iv. Graph Coloring

Find a partition of V(G) into groups, so that no two vertices in the same group are adjacent.

Aim: minimize the number of groups needed.

e Groups 1: {e,d}

o Groups 2: {b, f,h}
e Groups 3: {a,c,g}
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Let G be a graph. A coloring of G is a function f : V(G) — N such that f(z) # f(y) for every edge
zy € E(G).

If G has p vertices then there exists a coloring f : (G) — {1,2,...,p}. A coloring f : V(G) — {1,2,...,k}
is called a k-coloring of G, and G is said to be k-coloring if there exists a k-coloring of G.

Note that if G is k-colorable it is also I-colorable for all f > k.

Famous conjecture theorem (The four-color theorem): every geographical map is 4-colorable.

i.e. the countries can be colored with 4 colors so that no two countries sharing a border have the same
color.

A multi-graph with a loop is not k-colorable for any k loopless. A multigraph with multiple edges is
k-colorable if and only if the graph with all but our copy of each multiple edge removed is k-colorable.

Def :
Let G be a connected planar embedding. The planar dual G* of G is the planar multigraph defined as
follows:

e V(G*) = F(G), (with the vertex of G* drawn inside each face of G)

e G* has an edge e* for each e € E(G), that joins the vertices corresponding to the two faces incident
to e.

Some properties of the planar dual:

° G** — G
e da+(f) = da(f) where v corresponds to face f.

e A (vertex) coloring of G* is a coloring of the faces of G, so that no two faces incident to the same
edge have the same color. This is a “geographical map” coloring of G.
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1 - colorable means no edges

2 - colorable means no odd cycles

e Every graph with prentices is p-colorable

K, is colorable but not l-colorable for any | = p

Theorem 6-color Theorem:
Every planar graph is 6-colorable.

Df.

By induction on P = |V(G)|., where G is a planar graph if p < 6 then G is 6-colorable.

TH: Assume P > 7 and every planar graph with fewer than p vertices is 6-colorable.

Let G be a planar graph with p vertices. By an earlier theorem we know that G has a vertex v of edges
< 5. Then the graph G — v obtained by removing v from G is planar, and has p — 1 vertices. Hence, by
IH we find G — v is 6-colorable. Let f be a coloring of G — v with the color set {1,2,3,4,5,6}.

Since v has < 5 neighbors in G — v, there exists ¢ € {1,2...,6} that is not used by f on the neighborhood
of v.

Then we can extend f to a coloring of G by setting f(v) = ¢. Thus, G is 6-colorable. O
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Let G be a graph and let e = zy be an edge of G. The graph G\e obtained by contracting e has vertex
set (V(G)\{z,y}) U {z}, where z is a new vertex.
The edge set is {uv ¢ E(GQ) : {u,v}N{z,y} # 0} U{uz:u ¢ {z,y,2},ux € E(G) or uy € E(G)}.

If G is planar then G\e is planar.

Theorem 5-color Theorem:
Every planar graph is 5-colorable.

L
By induction P = |V(G)|. If P <5 then G is 5-colorable.

TH: Assume p > 6, and that every planar graph with fewer than P vertices is 5-colorable.

Let G be a planar graph with P vertices. By our earlier theorem, we know G has a vertex v of degree < 5.
If deg(v) < 4 then in the same way as in the 6-colour theorem, we can color G with 5 colors.

Then there exist neighbors a and b of v that are not joined by an edge in G. Otherwise, we would set a
subgraph of G isomorphic to K5, which is not planar.

e Contract the edge va to set H = G\va. Then H is planar. Call the new vertex w. Then wb € E(H).

e Contract the edge wb is H to get K = H\wb, and call the new vertex x. Then K is planar and has
p — 2 vertices.

Hence, by TH, K is 5-colorable. Let f be a coloring of K with colors {1,2,3,4,5}. Form a coloring f’ of

ey — W) iy dabo
G_Uby Settlngf(y)_{f(gj) lfyGCL,b
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This is valid coloring of G — v because

e ab¢ E(G —v) so f'(a) = f'(b) is valid.

e Every vertex u that is adjacent to a or b in G — v is also adjacent to x in K. So since f is a coloring

of K, we set f'(u) = f(a) and f'(z) # f'(b).

Hence, in G — v, at most 4 distinct colors are used by f’ on the neighbors of v (since a and b are setting
the same color).

Therefore, we say extend f’ to G by setting f'(v) = ¢ to get a 5-coloring of G.

(Note: So some c € {1,2,3,4,5} is not used by f’ on the neighbors of v) O

v. Matching

Edge sj indicates that student s applied to job j.
We want to find a set M of b edges in G, such that no two edges in M share a vertex
(So this will imply each student is matched to a job, and vice versa.)

Def :
For a set S of vertex in a graph G, we write N(S) = {z € V(G), (z,y) € E(G) for some y € S}
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We see that N({1,3,6}) = {b,d}. So we cannot find 3 edges that match 1,3,6 to distinct students. Here
we see {1, 3,6} is a subset S, of B such that [N(S)| < |S|. So G has no perfect matching.

Def :

In any graph G, a set H of edges, no two of which share a vertex, is called a matching in G. We say a
vertex x of G is saturated by M if x is incident to some edge of M. If M saturates every vertex of G we
say M is a perfect matching.

(Note: that if a perfect matching exists in G then |V(G)] is even.)
But many graphs with an even number of vertices have no perfect matching.
Example:

| \ [ {
@VA; LME\U»;‘ \-"ﬂﬁv’ﬁ u..n{’t;( Gu Lufu Wuwboir or Uf?"ﬂl{S L\QUF_ Wo F-Cr‘l"(({~

\
[ \‘*‘(l"f([.t;-.f\.l 44, Our Mﬂu‘p[ﬁl or i 2 6 % 4C+(

Usually we are interested in finding a matching in G that is as large as possible, i.e. one of maximum size.
This is called a maximum matching.
Example:

Note the path h - g — f — e — b — ¢ contains 2 edges of M,
S ~S—~—
My My
and it alternates between an edge not in M, and an edge in M;. Also, its two endpoints h and ¢ are not
saturated by M;.
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Such a path is called a (Mi)-alternating path in G. Whenever we have an (M )-alternating path in G, we
can “switch” edges on P as we did here to crate a bigger matching in G.

Def :

Let M be a matching in a graph G. An alternating path with respect to M (or an M-alternating path) is
a path in G.

M M ot
.EC?S AU ALy or ==t ey e pr i,

M M

An alternating path of length > 1 that begins and ends with a vertex that is not saturated by M is called
a (M)-augmenting path.

5 o ot bl
O R —— L Y =
not Sakruted)
by M

Note that any N-augmenting path is of odd length, and its first and last edges are not in M. Hence, it has
fewer M-edges than non-M-edges.

Q: How to tell whether a given matching in a graph G is a maximum matching?

Theorem :
Let G be a graph and let M be a matching in G. If there exists an M — augmenting path P in
G, then M is not a maximum matching.

Pf.

Recall that P being an M — augmenting path means

e P has length at least 1
e P is an M — alternating path
e the first vertex and the last vertex of P are both unsaturated by M

Then

MAE(P) = M\(M N E(P))U(E(P)\M)
is a matching in G since P has more non-matching edges than edges in M, we find |IMAE(P)| > |M]|.
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Hence, M was not a maximum matching O

Def :
Let G be a graph A cover of G is a set C' C V(G) of vertices in G with the property that every edge of G
is incident to at least one vertex in C.

Lemma: Let G be a graph, let M be a matching in G and let C be a cover in G. Then |M| < |C]|.

Pf.
Every edge of M must be incident to some vertex of C'. Since no two edges of M share a vertex these

elements of C are all distinct.

Hence, |[M| < |C]. O

Lemma: Let G be a graph, let M be a matching in G and let C be a cover of G. If |M| = |C/|, then M is

a maximum matching in G and C is a minimum cover of G.

bf.

Suppose M and C' exist such that |[M| = |C|. Let M™ be a maximum matching in G. Then by the previous
lemma |[M*| < |C| = |M|. Hence, |[M*| < |M]|, i.e. M is a maximum matching. Similarly, let C* be a
minimum cover of G. Then by the previous lemma |C*| > |M| = |C|. Hence, |C| = |C*], i.e. C is a
minimum cover. 0
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Note: Some graphs will NOT have a matching M and a cover C' of the same size. So this test for maximum
matching won’t work in such graphs.

LUty Lua{'-(l-nw> has sSie €[

¢ 2UueH (O Ver has S =,

[ .
VLY "“511"([/“&1(‘ has <ie =10

o Ruary lovae ks SR 2 20

We’ll prove Koénig’s Theorem, If G is bipartite, then the maximum size of a matching in G is equal to the
maximum size of a cover in GG. This test will then be our “stopping rule” in our algorithm for finding a
maximum matching in a bipartite graph.

Corollary: In every graph, the maximum size of a matching is at least one half of the minimum size of a
cover.

Pf.

Let M be a maximum matching in G. Then the set C' = {v : v is M-saturated} is a cover of G, since if an
edge xy is such that ¢ C and u ¢ C then M U {xy} is a matching larger than M. Since |C| = 2|M|, the
conjecture is proved. (]

G

Paara

. ;"

Matching M: set of disjoint edges in a graph G
Cover C": set of vertices such that all edges is incident to a vertex in C'

We saw for every G, every M, every C, |C| > |M]|.
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Also, to prove Konig’s theorem. If G is bipartite then max size of ¢ matching in G = min size of
a cover in G.

Let G be a bipartite graph with vertices A and B. Let M be a matching in G. [Is M a maximum
matching?]

Define X to be the set of all vertices in A that are not saturated by M.

[Note: if g =4 then M is a maximum matching, since it saturated A.]

Define the set X C A to be the set of all v € A for which there exists an M alternating path P(v)
that starts at o and ends at a vertex in B.

'S Y
” t\
k W,
M" | r ||-. "\
1 i .
£ d iy po A
b g -
G %
> . |
| | : » e
£ / ;
{ WA e
UK f;[',rl_, Iy
|IJ‘ &f k

Note:

e 2y C X since for each ¢ € zo the path D(z) of length 0 is an M — alt path.
e For v € X there could be several M-alternating paths D(v)
e For any v and any P(v), the last edge of P(v) is in M.

e For v € Y there could be several P(v)
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e For any v € Y and any P(v), the last edge of P(v) is NOT in M.

Define Y C B to be the set of all v € B such that there exists an M-alternating oath that starts
with a vertex of ¢ and ends with v.

e Claim 1: With these definitions, there is no edge zy of G with x € X and y € B\Y. Other-
wise, we should have put y into Y.

e Claim 2: With these definitions, there is no edge zy € M with y € YV and z € A\X.
Otherwise, we should have put z into X.

[

e Claim 3: If there exists y € Y that is not saturated by M, then M is NOT a maximum
matching. Then the path P(y) is an M-augmenting path, so M is not maximum.
s/ ;

o1 <.t /
bt Mt feed Lo 7

Theorem Konig’s Theorem::
Let G be a bipartite graph and let M be a maximum matching in G. Then there exists a cover C
in G with |C| = |M].

PFf.

We showed already that every cover must have size at least |M|, so we just need to show some cover C
with size < |M|. Define the sets X and Y as previously described.

By definition, A\X contains no vertex unsaturated by M. So there are |A\X| edges of M incident to
A\X.
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By Claim3, every vertex in Y is saturated by M. So there are |Y| edges of M incident to Y.
Hence, | M|+ |A\X| = |Y U (A\X)] is a cover of G.

Hence, |C| = |M]| as desired. O

1. Bipartite Graph Matching Algorithm

Qutline:

e Start with a bipartite graph G and a watching M in G.
e Start constructing the sets X and Y in G.

e If we find a vertex y € Y that is unsaturated by M, we’ll also have an M — augmenting, path
P that ends at y. Then we replace M by the matching. MAE(P) obtained by “switching”
on P. This is a bigger matching start over with this bigger matching.

o If we complete the construction of X and Y without finding y € Y that is unsaturated by
M, we stop then M is a maximum matching, and C =Y U(A —z) is a cover with |C| = |M|.

Formal description:

INPUT: Bipartite graph G, vertex classes A and B.
OUTPUT: A maximum watching M, and a minimum cover C.

Let M be a matching in G.

1. Set & ={v € A: v is not saturated by M and § = 0}.
2. If there is no edge joining # to B\, then STOP. OUTPUT M, := M and Cj := Y U (4\X).
3. Else choose v € B\Y where there exists u € & with uv € E(G). Add v to Y and set
pr(v) := u.
If v is unsaturated by M then pr function indicates an M-augmenting path P that ends at

v. Switch on P to get the matching M’ = MAFE(P), which is bigger than M. Replace M
by M’ and go to step 1.
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4. If v is saturated by M, say vz € M, then add z to X and set pr(z) := v. Go to step 2.

Example:

Def :
In a graph G, for a set S C V(G), the neighborhood N(S) = {y € V(G) | zy € E(G) for some = € S}.

In a bipartite graph G with vertex classes A and B, if S C A, then N(S) C B, and vice versa.

(Edx mean ”a applied to b”)
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If S C A is such that |[N(S)| < |S|, then there is no matching in this bipartite graph that satisfies A.

Theorem Hall’s Theorem:
Let G be a bipartite graph with vertex classes A and B. Then G has a matching saturating A if and only
if

1. [N(D)| > |D| for every D C A.

Pf.

=)

Suppose M is a matching in G that saturates A. Let D C A. Then the matching edges incident to D have
|D| distinct end points in B. Since these are all in N(D), we find |[N(D)| > |D|.

(<)

Suppose (*) holds. Suppose on the contrary that G has no matching saturating A. Then the maximum
size of a matching in G is < [A] — 1.

Therefore by Konig’s Theorem, there exists a cover C in G of size C |A| — 1 Consider D = A — C. (Note
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D #0). Since C is a cover. N(D) C C N B. So,

IN(D)| < |CNB|

== 1CnA|
= [C] = [A\D|

= [C] = [A[+ 1D
=[O = |A\C]

<ID|-1 (0] <A~ 1)

This contradicts (*). Hence, G has a matching saturating A.

This proof tells us that if there is no matching saturating A then the set D = A\C (where C is a
minimum cover) certifies that (x) fails. From the bipartite matching algorithm, a minimum cover is given
by C =Y U (A\X). So D = A\C = X.in our construction of sets X and Y.

Col: A bipartite graph G with vertex classes A and B has a perfect matching if and only if |A| = |B|
(x)|N(D)| > |D| for all D C A.

Col: Every regular bipartite graph (with degree > 1) has a perfect matching.

Pf.
Let k > 1 and suppose G is a k-regular bipartite graph.

Check |A| = |B|: Since G is bipartite, |[E(G)| = >, 4 degla) = >, 5 deg(b). k|A| = k|B| = |A| = |B|.
To check (x), consider D C A. Let E(D, N(D)) be the set of edges incident to D. Then |E(D, N(D))| =
> aep deg(a) = k[D|. But also |[E(D,N(D))| = > ycn(p)deg(b) < k[N(D)|. Hence, we set k|D| =

|E(D,N(D))| < k|N(D)|. So |D| < |N(D)|. Hence, (*) holds, so G has a perfect matching by Hall’s
Theorem. O
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vi. Edge Coloring

Def
An edge coloring of a graph G us a function 8 : E(G) — {1,2,3,...} such that if edges e and f share a
vertex that 3(e) # B(f).

In other words, 8 gives a partition of E(G) into matching. We say G is k-edge-colorable if an edge coloring
B:E(G) —{1,2,3,...,k} exists.

Note that a vertex of degree d in G must see d distinct colors on its incident edges.

Theorem :
If G is a bipartite graph that is k-regular then G has a k-edge-coloring.

Pf.

We use induction a k. If k = 1, the graph is a perfect matching, so it has a 1-edge coloring. Assume k > 2
and

IH: Every (k-1)-regular bipartite graph has a (k-1)-edge-coloring.

Let G be “k-regular”. By the previous result, G has a perfect matching M. The graph G — M is (k — 1)-
regular and hence has a (k — 1)-edge-coloring by IH.

Give the edges in M color k to set a k — edge — coloring of G. ]
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