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Notes:

e William Slofodran

e HW1 Dur May 14th

Abstracted Algebra specifically, group + ring

Pre-university algebra:

ar=b—x=—
a

We have a lot of different types of numbers:

Number Set Expressions
N +, -
7, +,-,—
Q +5—/
R VT
C N
Vector Space +,-
Matrix Space +, -, Matrix Multiplication
Polynomial Space | +,-, Polynomial Multiplication
Z/nZ +, =

In abstract algebra, we're interested in what notion of "numbers” exist.

The different ”types” of numbers are really distinguished by the operations defined on them. In
this course, we are going to study operations on sets.

I. Introduction to Groups

i. Basic Axioms

A binary operation on a set x is a function b : X x X — X. Notation, We often write

binary operations inline: a + b, a - b, ab.




Symbols we can use:
.’*7*’07.7-"_7 _7@’®7<>’ X?E,IZL\/)/\

binary operation on 4+, — on N are binary operations. — is not a binary operation on N.

Definition

A_onaseta:isafunctionf:Xx---><X—>X.
—_——

k times

A _ is a k-ary operation with k = 1.

e Conjon C,

e Negation on x — —z on Z.

e z+— < on Q not an operation (1/0 is not defined).

This is an operation on:

Q*={zeQz#0
N { / Y,

Definition

A binary operation X on a set X is _ if X (yXz) = (zXNy) Xz for all ,y, 2 € X.

-

For all z,y,z € X:

e + on N, Z are associative because (a + b) + ¢ =a+ (b + ¢) for all a,b,c.

e — on Z is not associative:
(3-4)—-5=-1-5=-6#£3—-(4—5)=3—(-1) =4.
e =+ on Q is not associative:

8+4)+2=2+2=1#8+(4+2)=8+2=4.

Function composition is associative




Informed defined: Let X be a binary operation on a set X. A - of a sequence

ai,as,...,an, is a way of inserting brackets into a; Mago K- - -Xa, so that the expression can
be evaluated.

Example

n = 4, Bracketing of a1, a2, as, as:
[ ) ((a1 X az) X a3) X a4)
(a1 X (a2 X a3)) X a4)

(
(
(a1 ® ((a2 K az) Maa))
(
(

a1 X (a2 X (a3 X as)))
(a1 Kaz) X (a3 Mayq))

\_ J

Formally, a bracketing of a1, as,...,a, is

e n =1 the word a;.

e n > 1 (w; Xwy) where w; is a bracketing of a1, as,...,a; and wsy is a bracketing of

Gf+1s -« -, Gp for some k with 1 < k < n.

- J




A binary operation X on a set X is associative iff for every sequence ay,asg, ..., a,,n > 1,
every bracketing of ay,as,...,a, evaluated to same element of X.

<: Take n =3, Then (aXb)Xc=aX (bR ¢) for all a,b,c € X.

=-: Proof by induction on n.

When n = 1, there is only one bracketing, of every sequence, so every sequence
evaluates to the same element.

Assume prop is true for n < k, where k > 1, and let aj,as,...,ar € X if w is
a bracketing of aj,as,...,ak., then w := (w; X wy) where w; is a bracketing of
ai,as,...,a;,1 <k # wy is a bracketing of a;41,...,ak.

By induction hypothesis, w; = (...(a1 Raz) K ...)Xa; and wy = (aj41 X (a2 X
(..(ar —1Xag)...) in X.
Then

w = wi X wsy
=(ARaq) X (B)
= (AKX (¢ ¥ B))
(by associativity)
=a;N(aX...(qy®B)...)

Hence, any bracketing of aj,as, ..., a; evaluates to a1 X (ag X ... (ap—1 May)...).
By induction, the prop is hold.

N >,

Consequences: If X is associative, can write a; M ag X - - - X a,, without brackets.




A binary operation X on a set X is _ or - if a®b = bXa, for all a,b € X.

+,x on R, Z, Q, C are commutative.

+ on matrices M, (R) is abelian, - is not.

nxn matrices of coefficient in R

Focus on associative but not abelian operations.

(i) Group Theory: a single associative operation with some additional properties.

(ii) Ring theory: two associative operations that become like +, -.

An identity for a binary operations X on a set X is an element e € X such that e X x =
xNe =z for all z € X.

0 is an identity for + on R, Z, Q, C. ...

1 is an identity for - on R, Z, Q, C.. ...
I, is an identity for - on M, (R).

\ Y,

If e is an identity for X on X, then e is unique.

e=eXe

Il
®




Let X be a binary opetration on a set X with an identity. Let x € X,
An element y € X is a left inverse of z if y Kz = e.
A right inverse of z if t Ky = e.

An inverse of x if y is both a left and right inverse of x.

The element z is invertible if it has an inverse.
\ J

Suppose K is associative. If y;, and yr are left and right inverse of x € X respectively, then

Yyr = YR-

yr =yrRe=y, KaWyr =eXyr = yr. (Also associativity)

\ J

Consequence z is invertible <= z has a left and right inverse.

It is possible to be left invertible but not right invertible, or vice versa. (homework)

N={1,2,...}, + not invertible elements.
Z,+ every element is invertible.

Z,- only 1 and —1 are invertible elements.

Q, - invertible elements are Q* (nonzero rationals).

\ J

If x is invertible and has a unique iverse, we denote it by =1 - (or — ). )




Lemma Properties of inverses

Let X be an associative binary operation on a set X with an identity e. Then

1. If e is invertible, then e~ ! = e.

2. If a is invertible, then so is a=!, and (a=1)~! = a.

3. If a,b are invertible, then (a X b)~! =b"! a1t

(@R KRB 1 XRa ) =aReRa ! =aRa !l =e

Similarly, (b~ Ka ™)X (aXb) =e.

4. a is invertible <= the equation a Xz = b,y X a = b both have unique solution for
element b € X. (x, y are the variables)

=)

If @ is invertible, then x = o~ X b is a solution since a X (e~ ' Xb) = e X b = b.
y=>bKa ! is a solution to y M a = b.

exercise: Show unique properties <.

(<) (Uniqueness)

Let b = e, the equation a X x = e must have a unique solution . We mark it
as a,,a X a, = e. Verse-versa we get a; Xa =e

We can compute a; = ¢; X (aXa,) = (a; Ka) Ka, =eXa, = a,

Thus, a, =a; = aa, =e,a-Ka=c¢e

Therefore, a is invertible with inverse a =

- J




Lemma Cancellation property

Let X be an associative binary operation on X with identity e.
If a has a left inverse, and a K u = a K v then u = v.
If a has a right inverse, and u X a = v X a then u = v.

Suppose a has a left inverse and a K u = a X v.
Let b be a left inverse. Then bXaXu=bKaXv =>eXu=eXv= u=n.

(Right inverse vece-versa)

We call (%) left Cancellation and (xx) right Cancellation.

\_ J

Z with Every non-zero element has a left and right cancellation

ab=ac,a#0=>b=c

But only +1 an invertible element.

\ J

ii. Group

A - is a pair (G,X) where G is a set and X is an associative binary operation on G

with an identity e, s.t. every element of G is invertible.

iii. Notation

If the operation is clear we will usually just write G instead of (G, X).

We often use - as the default symbol for the operation on a group. We also often write gh instead

of g - h. The identity we be denoted by w or eg or 1 or 1¢.

We use ™! for the inverse of a, These conventions are called multiplication notation.

10



A group (G,X) is abelian if X is abelian.

For abelian groups, we often use addition notation instead of multiplication notation, default

symbol is 4+. The inverse of a is denoted by —a, and the identity is denoted by 0, Og.

1) (Z,+), (Q,+), (R,+) are all abelian groups, commonly denoted by
a+(—a)=0, acZ", Q" R"

2) (Z,-) is not a group because not every element is invertible.

Note

We use addition notion by default for these groups. (e.g. identity is 0)

But we can use multiplication notation if we want:

a-b:=a+b, 3-7=10

_ ' Y,

3) There is a bijection, ¢ : Z +— Q. Define an operation on Z by a ®b = ¢~ (¢p(a) + ¢(b))

Then (Z,K) is an abelian group.

Let X be an associative binary operation with identity e on a set M.
Then G = {g € M : g is invertible with respect to X}
is a group with the operation g - h := gX h.

11



Note

The smallest possible group is called the trivial group it has one element.

Notation: {e},e-e =e.

Example

Q*={a€Q:a#0}and R* = {a € R:a # 0}

a group under multiplication.

Identity: 1, Since these group are abelian groups we can also use addition notation for these groups.

a+b:=a-b,3+4=12

N J

Corollary

Let x be a set, and let

Sy = {f € Fun(z,z) : f is invertible}

Then S, is a group under function composition. (Identity Idx(z) = x)

J

Definition

When X :={1,2,...,n}, Sx is called the permutation group of rank n, and is denoted by

Sn.
\- J

The order of a group G is the number of elements |G| in G (if G is finite), and +oo (If G is
infinite). We denote the order by |G| in both cases
A group is finite if G is finite, or equivalently |G| C +oo.

J

12



|Sn| = nl. (S, is finite)
We can write elements of S,, in two-line notation.

0_<1 2 3 .. n)
“\o(1) o2 o(B) --- on)

(1 2 3
“\2 31

o is invertible < is 1 — 1 and onto &
o(1),0(2),...,0(n) go through 1,...,n with the number of operation exactly once.
oc(l)=n,02)=n-1,...,0n)=1,nl=n-(n—-1)---2-1.

. J

iv. Dihedral Group

M,R n X n matrices on R.

Matrix mult is associative.

1 0 --- 0
01 --- 0
The identity matrix | =~ | is identity.
00 --- 1
The set of invertible matrices forms a group called the general linear group (over R) denoted by

GLnR.

. J

Let P,,,n > 3 denote the regular n-gon in the plane.

The Dihedral Groups

Examples: D3, Dy, D5, Dy

13



H contains points: v = (cos%, 5m%) for 0 < k <n,v; = vg.

Along with the line segments connecting them.

A symmetry of the n-gon is an element T' € GLyR such that T(P,) = B,.
The set of symmetries of P, is called the dihedral group of rank, and denoted by Ds,, or D,,.

Lemma

|(
g

Dy, is a group under matrix multiplication.

In later chapter (subgroups)

-

Ds,, contains

1 0 . .
e = L the identity symmetry.

e Rotation s by 27” radians is an element
s(v1) =viq1, 1=0,...,n—1
e Reflection r through the x-axis is an element

T(Uk) = Un—k

Let G be a group, g € G.

g"=g-9--g

T
g—nzg—l.“g—l
—_—

n times

For any m,n € Z,

- J

14



Addition notation: We write g™ asng =g+ g+ -+ + g (n times).

Warning H is not necessarily the case that

(gh)™ = g"h™ if o is non-abelian

The order of g € G is

lg| = min{k > 1:¢" = e} U {+o0}

Example

lef =1, lg|l=1 <= g=e.
o ZT =00, kl=0 <= k=0.

e Z/nZ under 1, |[1]] =n, k[1]]=0 < n|k.

J

-
Lemma (Properties of order)

(i) If g" = e, then g" 1 - g =e = g"n ! =g L

gn—l — g—l.

In particular, if |g| = n < 400, then

(i) g"=e=(¢")"=ee(97) 7 =e Sog7! =gl

—[]=(n-1)[1]=[n-1] € Z/nZ

\_

In D,,, we have

e |s| = n. (Rotate n times by %’T)

o |r| =2. (Reflect twice by 27/n)

SO7 675752a e 7Sn_1 € D2na r, ST, 827.7 e 7Sn_1r € D2n~

15



Dy, ={s':0<i<n}U{s'r:0<i<n}

and
|Dan| = 2n, rs=s"tr=s""lr

Claim 1: If S,T € Dy,, and S(vg) = T(vp), S(v1) = T(v1), then S =T.

Two linear transformations that agree on a basis are equal.

Claim 2: If T € D, then

(T'(vo),T(v1)) € {(’l]i,'()i+1) :0<i<n— 1} U {(”U7;+1,Ui) :0<i<n— 1}

By Graphs
(s'(v0), s (v1)) = (vi,vi41), 0<i<n—1
(r(vo),r(v1)) = (vo, vp—1)
(s°r(vg), s'r(v1)) = (vi,vi_1)
\§ D/

Claim 3: The function ¢ : Do, — V, T +— (T'(vg), T (v1)) is a bijection.

Injective by Claim 1.

Subjective by calculation.

So |Da,| = |V| = 2n, and ¢~ ((vi,vi11)) = 8%, u™ ((vi,vi_1)) = s'r.
So{st:0<i<n—-1}U{sr:0<i<n—1} = Dy,.

o rs(vg) =7(v1) = Vp_1
o rs(vy) =r(ve) = Vp—2

So, rs =s""1r = sl

\§ 16 J




rs' = s lr=s""1r forall i € Z.

v. Subgroups

Definition

Let G be a group A subset H C G is a subgroup if
1. for all g,h € H, g-h € H (closed under group operation)
2. if g € H, then g~ € H (closed under inverses)

3. eg € H (contains identity)

Notation H < G

Proposition

If H < @G, then H is a group with operation °H : H x H — H, (g,h) — g h.

Proof

First °H is well-defined because h is closed under °G.

Next, eq € H, so0 eg is an identity for °H.

°H is associative because °G is associative.

Finally, every element of H has an inverse wrt °H, it has an inverse H wrt °G.

N ),
\ J

Example

o Zt <Qt <RT <Ct Nt £<7*
e Dy, < GL2R (exercise)

e Q-0 < Q* ¢« group of invertible elements of Q under multiplication

e {:0<i<n}< Dy

\ J

17



Whyissi-sj=skf0r0§k<n7 If0<i,j<n?

o o .
togl =" = g*F for some a € Z

Inverses:

mZ={mk:k€Z} <Z"

mky + mks = m(k1 + k2) € mZ
—mk =m(—k) € mZ

0=m-0€mZ

If G is any group then G < G, and {eg} < G, the trivial subgroup.

Definition

Say H < G is a proper subgroup if H # G, and write H < G.

18



Proposition

We don’t need to check all the properties in the definition of a subgroup,
Let H C G be a subset of a group G. Then H < G if and only if

1. H is non-empty,
2. if g,h € H, then g-h™! € H (closed under group operation and inverses)

Proof

(=) Trivial

(<) Suppose (1) and (2) hold.

By (a), H contains an element gy € H.

By (b),e=g-9g7' € H.

Ifhe H, thene-h~' = h~! € H by (b).

If gh€ H,then h"' € h,sog-(h™')"* € H,but g- (h"Y)"t=g-h.

So props (1) - (3) hold of definition of subgroup.
\ 2
\_ J

Example

If W is a subspace of a vector space V, then W < VT, V' is V under addition.
0 € W is non-empty and if v,w € W, then v — w € W, so w is a subgroup.

N\

Proposition

Suppose G is a group, and H < G is finite. Then H < G <
(a) H#D
(b) gh € H theng-he H

Proof

(=) Trivial

(<) Suppose g € H. By induction, g" € H for all n > 1.

Because H is finite, g', g%, ..., ¢" must repeat. g* = g’ for some 1 <1i < j < n.
Then ¢'~* = ey € H, because j —i > 1.

Since ¢/ ' =epg, ¢ "t .g=eg =gt =g L.
Since g¢'~*"1 € H, g"' € H.

Soif gh€ H,then h™' € H,so g-h~ ' € H.
Hence, H < G.

19



Set of subgroups of G form a lattice.

g J

Suppose f is a non-empty set of subgroup of G, then

k= mHefH

is a subgroup of G.
_J

Recap:

Suppose F' is a non-empty set of subgroup of a group G. Then set of subgroup of a group
G. Then
K= m h is a subgroup of G
heF

ecHifhe F —= ecK.

Ifghe K=g,he H forall He F.

=gh '€ Hforall HEF.

=gh 'eKforall HcF.

So K <G.

N ),
\_ J

Let S be a subset of a group G. Then (S) = (Ng<y<g H is called the subgroup of G
generated by S.

J

20



Proposition

If S < K <@, then (S) < K.
So (S) is the smallest possible subgroup of G containing S.
(By Prop, (S) is a subgroup)

0 =Ng<c H ={e} = {e}),
(@) =G.

In Da,, (s) D {s} = s’e(s) for all 4
We previously saw that {s°:0 <i < n} < Da,.
So (s) = {s": 0< i< n}.

J

.

IfSCG,st={st:s5€ 95}

Suppose S C G, G is a group.
Let K be the set of all finite products of elements from SUS™! (including the empty
product e), i.e.,

K = {5182-"Sk:k20, S; GSUS_I}

Then K = (S).

J

Claim 1 S C K C (S).

S C K is clear.

Use induction to show K C (5).

Claim 2 K C G.

21



e € K. Suppose g =s189---8; € K,h =t1ty---t; € K.
When k,1 >0, sq,...,85,t1,...,t, € SUS™L
(k =0 means g = e, same for [ = 0)

Then gh™! = s1s5--- sktl_ltl__ll .- 'tl_l € K, because sy,..., sk,tl_l,tl__ll, e ,tl_l €
Sus—L.
So K < (.
\ J
By Claim 1 and Claim 2, K C (S) C K = K = (S).
O
N\ J

vi. Circular Groups

Say S C G generates G if (S) = G.

A group is cyclic if G = (S) for some a € G. A cyclic subgroup of a group G is a subgroup
of the form (S) for some a € G.

22



Lemma

If G is a group then

(a) If a € G, then (a) = {a’:i € Z}.

(b) If a € G, and |a] = n < 400, then (a) = {a*: 0 < i < n}.
(a) Is a corollary of preceding proposition.

(b) If i = kn + r for some k € Z, 0 <7 < n. Then a’ = a", so

{a":i€Z}y={a":0<r<n}

L (e) = {e},

2. 2t ={1)={n-1:n€Z},Ifn€Z, then (n) = {kn: k € Z} = nZ

Homework: All subgroups of Z are cyclic and infinite.

23



l(a)| = lal.

By lemma, we know [{a)| < |a].

If |{a)| = 400, then |a] = co. Then (a) = {a’ : i € Z}, so in must have a’ = a’ for
some 0 <i < k <n.

Then a9 =eso|a| <j—i<n.

So |a|] < |{(a)|. We conclude |a| = |{a)].

_ =,

(a)

Zla| = [{a)| = {|aZ|}
_Joo a#0
11 a=o0
b) Z/nZ | £ 1| = |{£1)| = |Z/nZ| = n.
S (b) Z/nZ | £ 1| = |(£1)| = |Z/nZ] )
\_ J

Lemma

If G=(s),and T C G, then G =(T) & S C(T).

(=): Obvious.

(<): SC(T)=G=(S) C(T).

\_
When does [a] € Z/nZ generic Z/nZ?

ZnZ = (a) <= [1] € {la])
[1] = x[a] for some x € Z/nZ

= za(modn) for some = € Z/nZ
xa—1=yn for some y € Z/nZ,z,y €7
za+yn =1 for some y € Z/nZ,x,y € Z

ged(a,n) =1

SEREY

24



Lemma

If g € G, G is a group, and g™ = e, then |g| | n.

(Homework)
O
\ J
If a | n, (n#0) then |[a]| = 2 in Z.

Lemma

If a,n € Z, n # 0, b = ged(a,n), then ([a]) = ([b]).

Since b | a, a = kb for some k € Z.
= la] € ([B]) = ([a]) < ([

Because b € ged(a, n), then exists x,y € Z such that ax + ny = b = z[a] + [yn] = [b].

= [8]  (lal) = (B]) < {lal)-
_ ",




Proposition

-

If a,n 7é Z, n 7é 0’ then |[(1]| = gcd?a n)

Proof

[la]] = [Klap)] = [[b])] ~ when b = ged(a, n)

_ ",

Note

1. By Lemma |g| = |[(g)|

2. Z/nZ={[k] :k=0,1,...,n—1},[k] ={m € Z: m =k( mod n)}.

Corollary
1. Order of any cyclic subgroup of Z/nZ divides n.

2. For any d | n, there is a unique cyclic subgroup of Z/nZ of order d. Tt is generated
by [a] where a = 5.

Proof

Suppose d = |{a)| for some a € Z.

Then d = gog?i—s | n, and ([al) = (lged(a,m)]) = ([3]).

So any subgroup of order d must be equal to ([%]) (uniqueness).
Conversely, given d | n, [((Z])] = |%], = % =d.

26




Z/6Z cyclic group
[ ]

(6) = 0, order 1.
(3) = {0,3}, order 2.
(2)

(

2y = {0, 2,4}, order 3.
1) = {0,1,2,3,4,5}, order 6.

(Square brackets optional as long as it’s clear that we are in Z/nZ)

All subgroups of cyclic groups in cyclic. Every cyclic group is isomorphic to Z/nZ for some

n.

-

vii. Homomorphism

Let G, H be groups. A function f -G — H is a homomorphism if f(g-¢ h) = f(g9) ‘m f(h)
for all g,h € G.

27



1. G = GL,R n x n invertible matrices, H = R*
det : GL,R — R*,
det(AB) = det(A) det(B)
det is a homomorphism.

2. If T:V — W is a linear transformation, then 7 : V™ — W™ is a homomorphism
Tw+w)=T()+ T(w)

3. Roog CRX - Rsg:z— /T
Vab = /avb
Homomorphism.

4, o :RT = R* z— €
oz +y) =" =e"e’ = p(z)p(y)
Homomorphism.

5. ¢ : RT = R* 2+ e” not a homomorphism.

6. Z* — Z*,x — mx (some n € Z)

m(x1 + x2) = mx1 + ma
Homomorphism.
Other example from group theory:
1. If H <G, theni: H— G:h+— his a homomorphism.

2. If p: G — H,v: G— H then ¥ o ¢ is a homomorphism.
Check: if g,h € G, then

(9) - p(h))
(@)Y (p(h))
= (- 9(9) (@ - ¢(h))

Y- p(gh) = P(e
(v

3. If K <G, ¢:G— H is a homomorphism then ¢ | k is a homomorphism.

k—='GoHolk=gp-i

28



Lemma Properties of homomorphism
1. pleq) =eny

Proof

ce(eg) = pleg - eg) = w(ea) - plea)
= eg = plec) " - plec) = plec) ™" - pleg)plea)
= ¢(ec)

_ =,

2. p(g7!) =p(g) "t forall g € G

Proof

plec) = pgg") = wlg) - ©(g™")

= =en=0(9)7" - 9(9) = p(g) "

~(9)e(9)

O
\- J
3. 0(g")=p(g)" forallge G,neZ

Proof

By induction on n.

(a) Base case: n = 0.

pleg) = en

(b) Inductive step: Assume true for k, show true for k + 1.

0(g"h) = w(g"9) = w(g") - ¢9) = ¥(9)" - v(g) = w(g)**!
(¢) Inductive step: Assume true for k, show true for —k.
Pg7") = (p(g") ™ = (e(9)*) " = (p(9)™H)"
. 2

4. |e(g)| | lg| for all g € G.

Say |g| =n < oo. Then ¢(g)"c = p(g)"
= lo(g)l | n.

29

If n = oo, then |p(g)] - 00 = 00, so |p(g)| = co.




Notation
f: X=>Y

is a function, S C X.

f(§={f(z):s€5})

Proposition

If ¢ : G — H is a homomorphism, and K < G, then ¢(K) < H.

Proof

|\

eqc € K = ey = d(eq) € ¢(K).
If g,h € ¢(K), then g = ¢(go), h = ¢(hg) for some gg, ho € K.
So gohy ! ¢ K because K is a subgroup.

= gh™" = ¢(go)d(ho) ™" = B(g0)d(hg ") = d(gohy ') € B(K)

= ¢(K) is a subgroup of H

- J

Definition

If {¢ : G — H} is a homomorphism, the image. Image of ¢ is the subgroup ¢(G) of H (Or
img)
N\ _J

Example

1. ¢:RT 5 R* iz e”
Img = ¢(R) =Rso

2. ¢:¢0: 7 —7Z:x— mx
Img={mzx:x€Z}=mZ

\ /

Lemma

If ¢ : G — H is a homomorphism and Im¢ < K < H, thené:G—)K:gl—Mj)(g) is a
homomorphism. with I mG =T mao.
Say that G is induced by ¢.

J
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Lemma

A homomorphism ¢ : G — H is subjective iff Im¢ = H.

¢ is surjective <= ¢(G) = H.

If ¢ : G — H is a homomorphism, then ¢ induced a surjective homomorphism ¢ : G — ImG.

If ¢ : G — H is a homomorphism, S C G, then ¢((S)) = (#(9)).

(S ={p(=z7") 1z e S} ={s(x)"' 1z €5} =¢(5)7}

ce({S)g) = ce({51.--8n:n>0,81,...,8, € SUS™'})
={é(51,...,8,):n>0,81,...,8, € SUS™'}
={t1,.. . tn:n>0,t1,...,t, € H(S)UG(S)"'}

Notation:

f+X =Y function, SCY.

f7HS) ={z e X : f(x) € S}
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Proposition

If ¢ : G — H is a homomorphism, K < H, then ¢~ 1(K) < G.

dleg) =en € K, so eg € ¢~ (K).

If g,h € 971(K), then ¢(g),#(h) € K.

= ¢(gh™1) = ¢(9)#(h)~! € K because K is a subgroup.
= gh~! € o7 1(K).

So, ¢~ 1(K) is a subgroup of G.

O
N\ J

If G is a cyclic group, then all subgroups of G are cyclic.

Suppose G is cyclic and H < G.
Since ¢ is surjective, H = ¢(¢~1(H)) = ¢((m)) = (¢p(m)).
So H is cyclic

O
J

(By Homework: since G is cyclic, there exists a surjective homomorphism

¢:7Z— G

Let | = ¢~Y(H). Then | = mZ for some m € Z, i.e., [ is a cyclic subgroup of Z.)

J

If $ : G — H is a homomorphism, then kernel of ¢ is the subgroup p, ker ¢ = ¢~!(eg) of
G

(ker¢ = {g € G: ¢(9) = en})

J
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1. ¢:RT 5 R* iz e”

ker¢ = {x € RT : e” = 1} = {0}

2. ¢:Z—7Z:x—mx

oo {{0} —
Z m =0

3. ker(det : GL,(R) — R*) = SL,(R) (Special Linear Group)

\_ Y,

A homomorphism ¢ : G — H is injective iff ker ¢ = {eg}.

(=)

If c. is injective, (¢(a) = ¢(b)) = (a = b),Va,b € G, then ¢(g9) = eg = Pleq) =
g = e€qg.

(<)

Suppose ker ¢ = {eq}. If ¢(g) = ¢(h) for some g,h € G.

en = 6(g9) " o(h) = d(g~"h).

= g 'h € ker¢ = {eg}.

= gphi=ech—Ng= !

So ¢ is injective.

- J

viii. Isomorphism

A homomorphism ¢ : G — H is an _ if ¢ is bijective (i.e., injective and surjec-
tive).

¢ : G — H is an isomorphism <= kera = {e} and Im¢ = H.
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A function f : X — Y is a bijection iff f has an inverse f~! : Y — X, with the property
that fo f~! = Idy and f~'o f = Idy.

If ¢ : G — H is an isomorphism, then ¢! : H — G is also an isomorphism. (and hence an

isomorphism)

J

If ¢ : G — H is an isomorphism, then ¢! is also a homomorphism (and hence an isomor-

phism).

Suppose hg,h; € H. Let g; € G be the unique element with ¢(g;) = h; for i = 0, 1.
Then, ¢~ (hoh1) = ¢~ (d(g0)p(91)) = ¢ (#(9091)) = gog1 = ¢~ (ho)p ™" (ha).

So ¢~ ! is a homomorphism. Since ¢! is invertible, ¢~

L is an isomorphism.

A homomorphism ¢ : G — H is a homomorphism ¢ : H — G such that ¢ o ¢ = idg and
poyp=idpy.

J

We say two groups G, H are isomorphic if there is an isomorphism ¢ : G — H.

G = H means that G and H are isomorphic groups.
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Key facts
1. If G = H, then H = G.
2. fG=ZH and H 2 K, then G Z K.
3. G = G for any group G. (Identity G — G : x — z is always an isomorphism.)

Idea: if G = H, then G and H are identical as group.
In particular, if G = H, then

1. |G| = |H].

2. G is abelian if and only if H is abelian.

w

. |lg] = |¢(g)| for all g € G. (when ¢ : G — H is an isomorphism)

4. if K 2 G, then K <G <= c.(K) < H.
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If G and H are cyclic groups, then G = H if and only if |G| = |H|.

(«<): Fact

(=):

Let G = (a), H = (b). If |G| = |H|, then n = |a| = |G| = |H| = |b|.

Case 1: n =o00. Then G = (a) = {a" : k € Z}

When a® # a? if i # j, and H = (b) = {b* : i € Z}, we can define ¢ : G — H by
#(ak) = b* for all k € Z.

Define ¢G — H, by ¢(a') = b’. This is a bijection and

p(a‘a?) = ¢p(a'7) = b = bty = ¢(a’)p(a?)

So ¢ is a homomorphism.

Case 2: n < 0o. Then G = {a’ : 0 <i <n}and H = {b° : 0 < i < n}, where
at #al b AV if0<i#j<n.

Define ¢ : G — H by ¢(a’) = b’ for all 0 < i < n.

Clearly a bijection and

p(aa?) = p(a*7) # b7 (i + j can be larger than n)
= ¢(a") wherer = (i+j)gn+r
=p" =b""" forsomeg€Zand 0<7r<n
— piti — pipd = gb(ai)gb(aj)

So ¢ is a homomorphism.

N >,

If G is cyclic, then

1. If |G| = o0, then G = Z.

2. If |G| = n < oo, then G = (Z/nZ,+).

All cyclic groups are abelians.
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With multiplization notation, write Z/nZ as G,, = {a) = {a’ : 0 < i < n}, and ZT as
Coo = {a) ={a* : k € Z}.

ix. Cosets and Lagrange’s Theorem

Definition

Let G be a group. If g € G and S C G, we let ¢S = {gs: s € S} and Sg = {sg: s € S}.
If H < G then gH (resp Hyg) is called the left coset (resp. right coset) of H in G. P
\_

Example

1. mZ < Z. Cosets are sets of the form mZ + k for k € Z = {k + mn : m € Z}.

\ 2. U is a subspace of a vector space V, then U < V', and cosets are sets of the form v+U,v € V.

J

Proposition

Suppose ¢ : G — K is a homomorphism and 2o € G. Let b = ¢(zp). Then the set of
solutions to ¢(x) = bis ¢~ 1({b}) = xoH = Hzq for h = ker(9).

Proof

If h € H then ¢(zoh) = ¢(x0)p(h) = ¢(xo) - e = b, and ¢(hx) similarly.

So zoH = ¢~ ({b}).

If y € p~1({b}), then let h = x5 'y. Then y = xoh and ¢(h) = ¢p(xo) *d(y) = b~ 'b=
e.

So h € ker(¢) = y € zoH.

¢~ 1({b}) = Hxg similarly.

Hence, Hxo = ¢~ 1({b}) = o H.
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If G is a cyclic group and H < G, then |H| | |G|.

H = (h),G ={(g), n = |g|, h = g* for some k € Z.

Then h" =e = |h| | n.

g J

IF H < G then
G/H := set of left cosets of H in G.
H\G := set of right cosets of H in G.

- J

nZ < Z. Consets an m + mZ,m € Z.

Z/nZ ={m+nZ|m € 7L}
={m+nZ:0<m<n-—1}
=Z/nZ

Because m 4+ nZ = m’ + nZ if and only if m =m’ (mod n).
(Why G/H is a group?)

J

H = (S> S Dzn,
Then S'H = s'{s%,s",...,s" 71} = {s', s ... s = 1.

s‘r(HYy =rs™'H =rH = {r,rs,rs>,...,rs" "'}

={r,s'r,s 2.5}
={s'r:0<i<n—1}
= H,

G/H = {H,rH} = H\G




Example

K = (r) < Da,, 'K = {s*,s'r}.
s'rK = si{r, r* } = s'K.
~

D2n/K:{s"1;;0§z'<n}

Ks' = {s',rs'} = {s*, s7'r} = {s*,s" "1}
Ks'r=Krs ' =Ks™".
n=3,i=1K = {s,sr}

\- J

Definition

Let X be a set. A partition of X is a subset @ < 2X such that:
set of subset of X

1. Use@S = X (the union of all sets in @ is X)

2. IS, T €@, S#T, then SNT = (the intersection of any two sets in @ is empty)

J

Proposition

|f

Let H < G, and g,k € G then, TFAE:
1.g7%ke H
2. k € gH (right cosets)
3. gH = kH

4. gH NkH # () (the intersection of two left cosets is not empty)

Proof

(1) = (2): Ifg ke H, thenk=ghforh=g ke H = kecgH.

(2) = (3): If k € gH, then k = gh for some h € H. If ' € H, then kh' = ghh’ €
gH. Since hh' € H, because H is a subgroup, = kH C gH. Also, gh’ = ghh™'h =
kh='h' € H € kH because h~'h/ € H. So, gH C kH and gH = kH.

(3) = (4): Sincee € H, g € gH. If gH = kH, then gH NgH = gH # ().

(4) = (1): If gHNkH # 0, then there are h,h’ € H such that gh = kh/ = k=g =
W'h=' e H.

_ =,
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The set G/H forms a partition of G.

If gH NkH # (), then gH = kH by the previous proposition.

Also g € gH for all elements of G, s0 Useg/pS = G. UgecgH

. J

A relation of a set X is a subset of X x X. RC X x X, ~< X x X.
Notation:

aRb means (a,b) € R.

a ~ b means (a,b) €~.

= <, <onNa<b {(Ll)v(la?’)“'}

. J

A relation ~ on a set X is an equivalence relation if

1. a~afor all @ € X (reflexive)

2. if a ~ b then b~ a for all a,b € X (symmetric)

= (  mod n) s a equivalence relation on Z, and [z] = {y : y =z (mod n)}

Suppose ~ is a equivalence relation on a set X, and let z,y € X. Then TFAE:
l.z~y
2. y € [z] (the equivalence class of x)

3. [a] = [y]

[#] N [y] # O (the intersection of two equivalence classes is not empty)

=~
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e (1) = (2): By definition of equivalence class, y € [z].

e (2) = (3):Ifze[y],thenz ~y~2 = x ~ z,s0 2z € [z]. Therefore, [y] C [x]. If
z€[z],thenz~zandz~y = y~z = y~az~z = y~z s0[z] C[y]

* (3) = () zela] =[Nyl so [z] N [y] #0.

e (4) = (1): Suppose z € [z]N[y], s0 T ~ 2,y ~ 2. SO, T~z ~Yy — T ~ Y.

The set of equivalence classes {[z]~ : € X} is a partition.

If @ is a partition of X, then the partition ~ defined by x ~ y if and only if there is some
S e Q,st. z,y €S is an equivalence relation and {[z] : x € X} = Q.

J

If H < G, we can define a relation ~g on G by g ~g h <= g 'h € H. Then ~y is an
equivalence relation, and [g] = gH.

~p is the equivalence relation defined by the partition {gh : g € G}

If H < @G, the index of H in G is

|G/H| if G/H is finite
00 if G/H is infinite

[G: H]:=
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Lemma

The function S — S~! defines a bijection G/H — H/G.

Proof

If gH € G/H, then (gH) ! = Hg™!.

(Check: H-'={h"t:heH},{h:heH}=H={(h1)"':he H}

So, G/H — H/G. S~ S~ is well-defined.

There’s also a function H\G — G/H defined by S — S~1.

Since (S71)~! = S, this is an inverse to the first function.
. 2
g J

Corollary

|[H\G| if H\G is finite
[G: H|=
00 if H\G is infinite

\_ J

Lemma

If S <G, and g € G, then S — ¢S : h — gh defines a bijection S — ¢S.
In particular, |S| = |gS].

15 is an inverse.

gS — S:s— g~
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Theorem Lagrange’s Theorem

If H <G, then [G] =[G : H] - |H|. (In particular, |H| divides |G|.)

If |G| is finite, then |G : H| = f%‘[

If |H| = oo, then |G| = oo, and |G| = [G : H] - |H|.
Since G/H is a partition of G, if [G : H] = oo, then |G| = co. Theorem holds

Suppose [G : H]|,|H| < +o0. Since G/H is again a partition

Gl= > lgHl= ) |H|=|G:H| |H|

gHEG/H gHEG/H

O
- >,

o [Don: (s)] =22 =2. [(s)] =7,
o |Dap: (r)| =2 =
o [Z:mZ] =m.

g J

Corollary

If z € G, then |z| | |G].

2| = @) | G-

- J

Corollary

If |G| is prime, then G is cyclic.

Let © € G\{e}. Then |z| | |G|, and since |G| is prime and |z| # 1, |z| = |G|. So

[(z)] = |G, and G = (z).

O
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Order Group
Trivial group {e}
Cyclic group Cs
Cyclic group Cj
04, 02 X 02
Cs
Cg, Symmetric group Ss(Dg isom), Cy x Cs
Cy
087 04 X 02, 02 X 02 X 02, .D47 Qg
Cg, Cg X Cg, S3 X 03
Cho, D5, Co x U5, Dyg

—

© 00~ O Tk Wi

—_
o

Table 1: Groups of small order (up to order 10)

Proposition

If ¢ : G — H is a group homomorphism, then there is a bijection ¢ : G/ ker(¢) — Im(¢).

gker ¢ — ¢(g) )

Proof

|f

gker ¢ is the solution set of ¢(z) = ¢(g).

d(gker ¢) = {¢(g)} and ¢~ (¢(g)) = gker ¢.
¢ is the function G/ ker(¢) — H

S o(S)={z}—x
We know that it maps onto Im(¢), and this function has an inverse, z — ¢~ 1(z).
Im¢ — G/ ker ¢.

N >,

Corollary

[Im(p)| Img finite

00 otherwise

(G : ker(¢)] =

Given G, H groups, do we have a homomorphism G — H?

There’s always the trivial homomorphism G — H, g — ep.
Called it as the trivial homomorphism.
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Example

If |G| and |H| are coprime, then there is no non-trivial homomorphism G — H.
If ¢ : G — H is a homomorphism, then

Im(¢)| =1 = Im¢ = {e}

\_ J
Recall

(H <G)
If gH = Hh then g € Hh s.t. h€ gH,so gH =hH = Hh = Hg.
So gH is a right coset «<— ¢gH = Hyg.

\ J

Definition

H < G is a normal subgroup if gH = Hg for all g € G.
Notation: H < G.

Definition

If g, h € G, the conjugate of h by g is ghg™!.

Since gS = {gs: s € S}, and Sg = {sg : s € S}, we have

989~ ={gsg™' :s€ S}

g+ (hS) = ghS

g-(Sg9) =S¢
e-S=8=5-¢
SCT=gSCyTl, S CT,

So,gH = Hg < gHg'=H.

SCT < ¢gSCgl <= SgCT,.
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Let N < G. Then TFAE:

1. N < G(gN = Ng for all g € G)
2. gNg'=Nforallge G

3. gNg ! C Nforallge G

4. G/N = N\G

5. G/N C N\G

6. N\G C G/N

1. (1 = 2): Proved above,
2. (2 = 3): Trivial, since gNg—* = N means gNg~! C N.

3. 3=2): IfgNg ! C N forallge G. Then N = g~ lgNg~lg=g 'Ng Vg e
G.
So, N < (g7} 'Ng! =gNg!forall geq@.
So N =gNg~! forall g € G.

4. (1=3,6),If N <G, and gN € G\N, then gN = Ng € N\G = G/N C N\G.

5. (6 = 1): If G/N C N\G, then for all g € G, there is some h € G s.t. gN =
Nh = gN = Ng.

So (1) holds, (6) = (1), similar. (1) <= (3) and (6) < (4).

_ =y,
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If a : G — H is a homomorphism, then ker(a) < G, because gker(d) = ¢~ (¢(g)) = ker(¢)g.

Z(G) 4 G, the center of G.

If $: G — H is a group homomorphism, then ker(¢) < G

If g € G and h € N = ker(¢), then

d(ghg™") = d(9)d(R)p(g™") = d(9)end(g™") = d(9)p(g™") = en

Thus ghg~' € N

_ ",

If S C G, the normalize of S in G is Ng(S) = {g € G,gSg~! C S}.

Lemma

Ng(S) 4G

e € Ng(S), because eSe! = S.
If g € Ng(S), then

gSg~'cC S
= S = g_lg
= g e Ng(S)

If g,h € Ng(S), then ghS(gh)~! = ghSh~ g~ ! = gSg~' C S = gh € Ng(9).

N >y,




Lemma

If H< G, then H < Ng(H).

HAAG < Ng(H)=G

(Exercise)

\_ J

Warning: Normal subgroup are not necessarily unique.
H < Ng(H) < G does not imply H < G.

Corollary

IfG=(S), H<G
Then H < G if and only if gHg~* = H for all g € S.

(=) Obviously, if H < G, then gHg~! = H for all g € G.

(<) If gHg ! = H for all g € S, then S C Ng(H) = (S) C Ng(H).
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Lemma

If |g| < oo, then gSg~! = S then gSg~! = S for all g € G.

gSg~' =58
9?°Sg72C gSg~tC S
g"Sg " C Sforalln>1

If k = |g|, then g~ 1Sg=(+—1) = g=185 = .

— SCygSg! = g¢S¢g =5

O
\k ))

Corollary

If G is finite, H < G, then Ng(H) = {g € G,gHg™! = H}.

If G is finite, then |g| < oo for all g € G.

SogHg ' CH <= gHg ' =H

- J

Corollary

If G is finite and G = (S), H < G, then H < G if and only if gHg™! = H for all g € S.

Warning: This is not necessarily true if G is infinite.
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x. Quotient Groups

Z/nZ is a group with group operation defined by
(a+nZ)+ (b+nZ) = (a+b) +nZ
Note: [a] + [b] = [a + b]

Question: Given H < G, when can we make G/H into a group using the group operation
from G?

If S,T C G, define S-T = {st,s € S,t € T}.

Lemma

. YH<G H-H=H.

2. If N I G, then gN - hN = ghN for all g,h € G.

1. If H-H C H, because H < G,then H-H-eC H-H.

2. If n € N, and g,h € G, then ghn = (9 — e¢) — (hn) = gNhN.
—— =~
egN €hN
If ny,ny € N, then gn; - hng = ghh~'nihny, because N is normal, h='nih €
N = h_lnlhng € N.

So gniny = ghh~'nihny € ghN.

So ghN C gN - hN, and gN - hN C ghN.
—> gN -hN = ghN.

If ST € G/N and N <G, then S-T € G/N.




If N 9 @G, then G/N is a group under the operation - on sets.
Furthermore, the function ¢ : G — G/N : g — gN is a homomorphism with ker(q) = N.
(G/N is called the quotient group, and g is called the quotient hormorphism.)

If S,T,R € G/N, then

(S-T)-R={st:seS,teT} R
={(st)r:se S,teT,r € R}
={s(tr):se S,teT,r € R}
=S-(T-R)

So - is associative on G/N.

If S € G/N,say S =gN = Ng, for g € G, then N = eN = Ne € G/N and
N-S=N-Ng=Ng,and S-N =gN -N =gN.

So N is an identity for -. Finally, if S € G/N, then S = gN.

S.-gIN=ggIN=eN=N

and
gN-gN=g 'gN=eN=N

So g~ N is the inverse for S.

O
| >,

q is a homomorphism, suppose g, h € G, then

q(gh) = ghN = gN - hN = q(g) - q(h)

g€ker(q) < q(yy=N < gN=N < g€ N,kerg=N

If N < G, then N 9 G if and only if a group H, and a homomorphism ¢ : G — H such
that ker(q) = N.
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There’s another way to think about quotient groups:

gN(gN - hN = ghN)

N -hN = ghN “'hTlghe N
\ g g g g y
1. Z/nZ
2. D2n E <S>
Dan/(s) = {(s),r(s)}
() (s) ={s"" | i,j € Z}
r(s) - (s) =1(s) ~ Zs
(s) - r(s) = (s)(s)r =r(s)
{rs"|iez} {rs’ |j e}y ={rs' rs’|i,jel}
={r’s 7" |i,j e 7}
={s'|iez}
3. GL,C/C* ={[T]| Z(GL,C) = C*}
[T]=4{T-C*}. [T]={\T: A€ C*}
(7] (8] = [T'S)
\_ J

Suppose N < G (not necessarily normal), G/N can’t be a group by declaring [g] - [h] = [gh].

This relation is not necessarily well-defined as a function.

A relation on two sets X and Y is a subset R C X x Y.
A relation R is a function X — Y if

1. If z € X, then there is y € Y s.t. (x,y) € R.

2. If z € X and (2,y),(z,y') € R, then y = y/. )




A group operation is appended to be a function G/N x G/N — G/N.
There is a relation R C (G/N x G/N) x (G/N) defined by R = {([g], [R], [gh]) | g, h € G}.
Suppose ([g], [h]) € G/N x G/N, then ([g], [1], [gh]) € R, so R satisfies the first condition.

When does R satisfy the second condition?

Suppose € G/N x G/N and (z,y), (z,y') € R.

Since (x,y) € R, we must have (z,y) = ([g], [h], [gh]) for some g,h € G.

Since (z,y’) € R, we must have (x,y") = ([¢'], ['], [¢’R']) for some ¢',h' € G.

We know [g] = [¢], [A] = [I].

R defines a function <= for every g,¢’,h,h' € G, with [g] = [¢'] and [h] = [I/], we have
[gh] = [g'].

Take ¢’ =e and h = b’ = hy',
Then

[gh] = [¢'h]
= lg'ho'] = [ho']
< ghg'N=hy'N

<= hoghy'N =N
< hoghy' €N

So R defines a function <= hoghy' € N for all g € N and ho € G <= N < G.

- ))

If N 9 G and K a group, what are the homomorphism f : G/N — K?

Theorem (The universal property of quotient)

Suppose ¢ : G — K is a homomorphism with N C ker ¢, when N < G.
Let g be the quotient homomorphism G — G/N. Then there is a unique homomorphism
Y :G/N = K set ¢ =1 ogq.
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Define ¢ : G/N — K by ©(gN) = ¢(g).

Show that this is well-defined. Suppose gN = hN. Then g~ 'h < ker G.

e = (g~ h) = ¢(9) " ¢(h), so ¢(g) = ¢(h).

So, 1 is well-defined. ¢ - q(g) = ¥ (gN) = ¢(g).

B(gNhN) = (ghN) = 6(gh) = 9(g)6(h) = Y(gN (AN,

So, 1 is a homomorphism.

Finally, if ¢’ : G/N — K is another homomorphism with ¢)'-g = ¢, then ¢’ (g N) = ¢'(¢(g)) =
¢(g) = ¢Y(gN), for all gN € G/N.

so ' = ).

(Or: f-g=f"-gand g is surjective, then f = f'.)

_ =y,

If G, K a group, let Hom(G, K) be the set of homomorphism from G to K.

If N QG and K is a group then the function

¢ : Hm(G/K,K) — {¢ € Hom(G,K) | N C ker ¢}

xi. Isomorphism Theorem

If ¢ : G — L is a homomorphism, then there is a bijection

G/ker(¢) — K : gker(¢) — ¢(g)

o4



Theorem 1st Isomorphism Theorem

Suppose ¢ : G — K is a homomorphism, and ¢ — Gker(¢) is the quotient map. Then

there is an isomorphism.

¥ G/ ker(¢) = Im(¢) ¢ -q=0(g)

. — Y,

ker ¢ > ker1, so by the universal proposition of quotient groups, there is a homomorphism
¥ : G/ ker(¢) — Im(¢) such that ¢ - ¢ = ¢.

If y € G, then ¢(g) = v o q(g) = Y(gker(d)). so, Im(p) = Im(¢p). We can regard 1) as a
homomorphism ¢ : G — I'm(9).

We previously showed that the function

G/ ker(¢) = I'm(¢) : gker(¢) — ¢(g)

is a bijection, so ¢ is an isomorphism.

O
\_ J
1. GL,(R)/SL,(R) = Imdet = R*.
1st iso thm
A 0
Note: det = X = Imdet = R*

0
SL,(R) =ker(det : GL,(R) — R*), so by the 1st isomorphism theorem,

2. RT/Z* = I'm(exp).

Rt = C* : 0 2™

ker(exp) = {0 : ¥ =1} =7+

Im(exp) ={2 € C*:|z| =1} = S!

(Circle group)

95



Question: What are the subgroups of G/M?

If ¢ : G — K is a homomorphism then
1. H<G=¢(H) < K.
2. fH<K=¢Y(H)<G.

For any function f: X - Y, if SCT CY = f1(S)C f~XT). and S < T < X then
f(8) < £(T).
\

J
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Lemma

If ¢ : G — K is a homomorphism, then
1. H< K thenker¢ < ¢~ '(H) < G.

2. Hker(¢) < H' < G then ¢~ (¢(H')) = H'.

1. kerp = ¢~ ({ex}) < o~ L(H).

2. ¢~ (¢(H")) =H'.
Suppose g € ¢~ (¢(H')), then

¢(g) € ¢(H')
=¢(g) = ¢(h) for some h € H’
=h"tg € ker(¢)
=g=h-h"'ge H

¢~ (p(H") C H'

Note

Is it that ¢(¢p~'(H)) = H?

If f: X — Y is surjective, then f(f~1(S)) =S forall SCY.
Also in general, if f : X — Y is a function, then f(SNT) # f(S)N f(T).
q but f~HSNT) = f~4S)n f~YT).

J

_ =,
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Theorem Correspondence Theorem for subjective homomorphism

Let ¢ : G — K be a surjective homomorphism.
Then there is a bijection correspondence

=: H' — ¢(H')
<: ¢ 1 (H)+ H.

Furthermore, if ker(¢) < H, Hy, Ho < G then
1. Hy < Hy <= ¢(H;) < ¢(Ha).
2. ¢(H1 N Hs) = ¢(H1) N (Ha).

3. HIG < ¢(H) <G.

\

1. Suppose H < K, then ¢(¢p~1(H)) = H because ¢ is surjective.
If H' > ker(¢), then ¢~ 1 (¢(H’)) = H' by lemma.
Part 1: If H < K, then ¢(¢~'(H)) = H since ¢ is surjective.
Part 2: If H' > ker(¢), then ¢~ (¢(H')) = H'.

Therefore, the maps H' — ¢(H') and H — ¢~ 1(H) are inverses, so the corre-
spondence is a bijection.

HiNHy = ¢~ H(K1) N ¢ (Ko)
= ¢ (K1 NK>)
K; = ¢(H;), so H—1NHy = ¢~ (¢(Hy) N ¢(H2)).
¢(H1 N Hy) = ¢(¢~ (¢(H1) N ¢(H2))) = ¢(H1) N ¢(Ha)

3. (Hmw)




Theorem Correspondence Theorem for quotient groups

Let N C G, and let ¢ : G — G/N be the quotient group. Then there is a bijection

Furthermore, if N < H, Hy, Hy < G, then

1. Hy < Hy < q(H1) < q(H2)
2. q(H1 N Ha) = q(H1) N q(H>)

3. H2¥G < ¢q(H)=G/N

J

\_

q is surjective, ¢ : G — K is a surjective homomorphism, then by 1st isomorphism
theorem, G/ ker(¢) = Im¢ = K.
So the correspondence thm for quotients implies the correspondence for subjective

homomorphism. These two are equivalent.

_ ),
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What is ¢(H) when N < H < G?
Let N <4 G, G — G/N quotient homomorphism, and N < K < G. Then N < K and the

funciton

q:K/N = q(K) <G/N
EN — kN

is a isomorphism. (Consequently, we denote ¢(K') as K/N)

ENk=' =N for all k € K,

= kNk'=Nforallke K = N JK.

If K1N = KoN, ¢: K/N — G/N : kN — kN is well-defined.

Since q(K) = {kN : k € K}, ¢ gives a surjective function K/N — ¢(K).

¢(kiN - koN) = ¢(k1ko V)
= k1ko N
= k1N - kaN = (k1 N) - (ks N)

¢ is injective because

¢(k1N) = ¢(k2N)
<— kN =kNecG
= kilkyeN
<~ k1N = ks N

Dy, ={s'17:0<i<n—-10<j<1}

Every element can be written uniquely as hk for h € H = (s), k € K = (r).

In general, given H, K € G, when can we write every element of G uniquely as hk fir h € H,
ke K?



The function m : H x K — G (h, k) — hk is injective if and only if H N K = {e}.

If he HN K, then (h,h™!) — e, (e,e) — e, so if e # h € HN K, then m is not injective.
Suppose H N K = {e}, and h1k; = hoky for hy,hy € H, k1, ks € K = hy'hy = koky '
N—— N——

€H eEK
= hy'hy = koky! =e= hy = hy and ky = ky.

Thus, m is injective.

_ =,

We can write every element of G uniquely as hk for h € H, k€ K <= HK = G and HNK = {e}.

HK = U hK is a partition of HK
heH

Let X ={hK :he H}

Lemma

Let hy,hy € H, Then h1 K = ho K if and only if hl_lhg e HNK,if and only if by H N K =
hoHN K.

From basic facts and hy'hy € H,

H/HNK = X :hHNK — hK is a bijection.

J

hiHNK =hoHNK — hi1 K = ho K — function is well-defined.
Function is subjective by definition of X.

Injectivity: hik = hok = hiHNK = hoH N K.

| X|=[H:HNK]

_ =,
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If H,K < G then |HK| x |H N K| = |H| x |K].

|[HK|=|X|-|K|=[H: HNK]-|K|.

Multiply by |H N K| and apply Lagrange’s theorem gives corollary.

\ J

|[HK| x |[HUK| = |H| x | K|
[H: HNK]=|z|
|HK| = [X|-|K|=[H:HNK]-|K]|

If everything finite, [H : HN K| = |HK|/|K|? = [HK x K]
—_———

May not a group

g J

Let H K <G. Then HK <G < HK =KH < KH C HK.

Suppose HK < G. IF h€ H,k € K, then h,)k € HK = khe HK — KH C HK.

E'h '=HK = hk=(k'h ) 'e(HK) =K 'H'=KH

So HK < KH — HK = KH.
If HK = KH, then KH C HK. If KH C HK, and ho,hy € H, ko, k1 € K,
then (hoko)(hik1)™* = hokoky 'hi' = hohoks for some hy € H,ky € K. Since
koki'hi' € KH C HK, so (hoko)(hik1)™' € HK. So HK < G.

_ =,

If HK = KH, then [H: HN K] = [HK : K]

When does HK = KH?
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Sufficient condition for all h € H,

hK = Kh

hKh™' =K forall h € H

H = N¢(K), the normalizer of K in G
H C N¢g(K)

HK <G
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Theorem Second Isomorphism Theorem

If HHK <G and H < Ng(K), then HK <G, K <HK and HNK < H.
Furthermore, if i : H — HK is the inclusion,

q1: H— H/H N K is the quotient map
¢2 : HK — HK/K is the quotient map

Then there is an isomorphism ¢ : H/H N K — HK/K such that 1 - ¢ = ¢ - 4.

We have already shown that HK < G. IF hk € HK, then

hkK (hk)™' = hkKE~'h~!
= hKh™! since k € K
= K since H < Ng(K)

If ke HNK and h € H, then hkh™' < H and hkh™! € K since K < G, so
hkh=' e HNK.

SohHNKh™'=HNK,foralh€ H = hNK < H.

Let ¢ be the function H/HNK — HK/K, hH N K > hk.

We're previously shown that this is a bijection, it satisfies 1 cot ¢; = g2 - 1.

If ho,hy € H, then (h HNK -hi HNK) = ¢(hoh1t HNK) = hoh1 K = hoK - h K =
Y(hoHNK) -¢(hiHNK).

So 1 is a homomorphism.

_ >,




(HUK), P < GL2(R), P permutation matrices. Ngr, (T) = PT.

PNT ={e}. SoT < PT.

PT/T = P/(PNT) = P/{e} = P

From correspondence theorem, if N < G < K/N < G/N.

Suppose K/N < G/N. What is (G/N)/(K/N)?

Theorem Third Isomorphism Theorem

IfNK<LQGand N <K <G, and ¢1 : G — G/N, ¢ : G/IN — (G/N)/(K/N), g3 :
G — G/K are the quotient homomorphisms, then there is an isomorphism v : G/K —
(G/N)/(K/N) such that t - gs = g2 - qu.

10Z<5Z<7Z

(Z/10Z)/(5Z/10Z) = Z,/5Z.
(Note: 5Z/10Z = 7 /27Z)

J
Tm g2 0 41 = (G/N)/(K/N).

ker gz 0 1 = q; * (g5 ' ({e})) = q; '(K/N) = K by correspondence theorem.
By the 1st isomorphism theorem, there is an isomorphism

¢:G/K = (G/N)/(K/N) st - g3=q2-q
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xii. Group Actions

Permutation o, 7 € S,,,0 -7
So, acts on {1,...,n}. Dy, acts on P, regards n — gon.

GL,R acts on R". We want an abstract notion of group action.

Definition
Let G be a group. A _ of G on a set X is function
GEXxX =X (gx)—g-x
Such that:
1. g-(h-2)=(g-h)- -z for all g,h € G,z € X (associativity)

2. e-x =z for all z € X (identity)

Example

|f

1. All the above.
2. G groups z any set, trivial action g - =«
3. If Xisaset, S, ={f:2— X : fis a bijection } acts on X by f -z = f(z)
4. Ds, acts on R? and a V(P,) = {v1,...,vn} (Vertex set of P,)
\ _J
Definition
G actson X, and Y C X, we say that Y is_ifg-y eY,Vy e
Y.
\ J

Lemma

If G acts on X, and Y C X is invariant under the G — action, then G acts on Y via the
action G xY =Y : (g,y) — g - y.(Same action as on X)

J

{0} is an invariant subset of the GL,R action on R". (GL,R acts trivially on {0})
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If G acts on X and Y, then G acts on Fun(X,Y) via
G x Fun(X,Y) = Fun(X,Y) : (¢, f) = x> g- f(g~" - z)

g-f@) =g flg~" )

Homework :p

G J

Note

In many situations, we have an action on X, and take the trivial action on Y, so rule is

g-flz)=flg™ z). )

|f

Definition
Let G be a group. A _ of G on a set X is function
X XG> X:(x,g)— a9

Such that:

1.z -(g-h)=(z-g)-hforall g,he G, zeX (associativity)

2. z-e =z for all z € X (identity)

If G acts on X with a left action, Y any set, then G has a right action on Fun(X,Y) via (f-g)(z) =
flg-x)
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Lemma

We’ll concentrate a left action

1

If - is a right action of G on X, then g2 :=x-¢~ " is a left action of G on X.

g-th-z)=g-(@-h)=(x-h)-gt=z-(hgHY)=(-h)g'=(g9-h)-2

e-x=z-el=x VgheGreX

O
\- J
N\ J

If G acts on a set X, then G acts a 2%, by g- S = {gs:s€ S}

e-S={e-s:se S} =S5 (identity)

(g-h)-S={gh-s:s€St=g-{h-s:s€S}t=g-(h-5)

\_ J

2% is in bijection with Fun(X,{0,1}),

1 ifzesS

0 ifzgs
Hmw, show that this bijection sends G — action on 2% to the G — action on Fun(X,{0,1}).
(With the trivial action on {0,1})

J

How can we get an action (non-trivial) of a group G on a set?

S & X(z) =

If G is a group, then the group operation - : G x G — G is a left/right action of G on itself.
We call this the left/right regular action of G on itself.

. J

g-(h-k)=1(g-h) kforall gh € G ke G (associativity)
e-g=gforall g € G (identity)

_ H )




If H < @G, then G acts on G/H by g kH := gkH.

G acts on G via the left regular action, so G acts in 2¢ g- S = {gs: s € S}.

If S€ G/H C2% and g € G, then g- S € G/H. (S = kH then gS = gkH)
So, G/H is an invariant subset of 2¢, so G acts on G/H via the actions.
(and this action does satisfy g - kH = gkH)

Lemma

Let G act on X. Giving g € G, let

lg: X=X:x—g-2
Then:
1. lgly = lgp for all g,h € G.
2. lo = idx where e is the identity of G.
3. Iy is a bijection for all g € G.
1. llp(x) =g (h-x) = (gh) - & = lgn(x), so lgln = lgn.
2. l(x)=e-z==x,s0l, =idx. For all z € X.

3. Lyl = lyg =l = idx, Iy 'y = l;-1, =l = idx. Thus, [;* =,

g9

If G acts on X, then the function
G — Sx ={f: X — X|f is a bijection}
g+ lg is a homomorphism.
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A permutation representation of a group G on a set X is a homomorphism G — Sx, if X
is finite with |X| = n, then S, = S,,.
So G action on X gives a homomorphism G — S,,.

J

Let Dy, act on the set {vi,va,...,vn} (the vertices of a regular n-gon). This action gives a
homomorphism:

Doy — Sy
where each group element permutes the vertices. For example, 1 — v1, 2+ va, ..., n — vy

J

Theorem

1. If G acts on X, then there is a homomorphism ¢ : G — Sx s.t. ¢(g)(x) = g« for all
g€ Gandz e X.

2. If ¢ : G — Sx is a homomorphism, then g -2 = ¢(g)(x) defines an action of G on X.

L #(g) =lg, ly(z) =g =

2.

e-x=¢(e)(x) =ldx(z) =2 forallze X,g,he€qG

So - is a group action.

_ =,

Exercise: Proof that points 1 and 2 gives a bijection.

Group action of G on X «~ Permutation representation of G on X.




Let G act on X, and let ¢ : G — Sx be the corresponding permutation representation. Then
the kernel of the action is ker ¢, and the action is /faithful if ker ¢ = {e}.

J

An action is faithful <= for all g € G\{e}, thereis z € X = 1. g-x # z, so there is some
z € X st. ¢(g)(z) # .

J

= If g € G\{e}, so there is some = € X s.t. ¢(g)(z) # .
< if g € G and g € ker¢, then ¢(g) = idx, so g x = ¢(g)(z) = = for all z € X, so
g=e = ker¢ = {e}.

=,

e S; ~ X is faithful. (If f(z) = aVz € X, then f =1idx.)
e GL,(R) ~R"™, M #id, M, # v. Faithful action.

K e Trivial action of G on X is not faithful is G is not trivial. /

Theorem Cayley’s Theorem

The left regular action of a group G on itself is faithful. Consequently, G is isomorphic to
a subgroup of Sg.

In particular, if |G| = n < 400, then G is isomorphic to a subgroup of S,,.

o 7y 2 H =S, C S>. Because |S2| =2 and |H| =2, s0 H=55.

[ ] DagHSSS. 6'

J

Ifge G, then g-e =g #eif g # e, so the action is faithful.

Because is faithful, permutation ¢ : G — Sg is injective, because 1st isomorphism theorem
then G = G/(e) 2 Im¢ < Sg.

If |G| = n < +o0, then Sg = S,,.

_ H )
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Suppose G acts on X, then the - of a point x € X is 0, = {g-z|g € G} C X.
The G-orbit is sometimes denoted by G - x.

An action is _ if X = 0, for some z € X.

Example

o Left regular action of G ~ G

g€ G, 0y=1{hg:he G} =Gg=GQG transitive.
e H < @. H ~ G by left multiplication, &4y = Hg Transitive <— H = G.
e GL.(R) ~R".

Oy ={Mv: M € GL,(R)}

_[rRmo ifvz0
RO ifv=0

Note

action of S, on {1,2,...,n} is given by
Let x =1
ﬁl = {1,2,...,71}

Another example:
Action of (s) = H on {1,...,G} 0 =(1,4,5)(2,3)

o 0,={1,4,5}=0,= 05

(] ﬁ2={2,3}=ﬁg

o Ug = {6}




Lemma

If G acts on X, the relation G on X defined by Gy if and only if there is an element g € G
such that g - z = y is an equivalence relation.

[€lg = Os

If x € X then  ~ x because e -z = z. If x ~ y then y = g -« for some g € X so
ng_l-y = Yy~

Ifz~yandy~z theny=g-zandz=h-ysoz=h-(g-z) = (hg) 2 = z~ 2.
[x]~ = O, by definition of orbit.

—~—

{y:z~y}
Because orbits on equivalence classes, we know
e.g.
Op =0y <= y€Op,x#0
O
\ J

\_ J

Corollary

An action of G on X is transitive if and only if &, = X for all z € X.

(<) Clear
(=)If 0, = X for some x € X, theny € O, forallye X. = 0, =0, = X for

all x € X.

O
\- J

Let ~ is an equivalence relation on a set X. A set of representatives for ~ is a set S s.t.

every equivalence class of ~ contains exactly one element of S.

J

{1,2,6} is a set of representatives for (o) ~ {1,...,6},0 = (1,4,5)(2,3).
So is {4, 3,6}.
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Let G act on X, and S be a set of representatives for the action (i.e. for G) then

X =" 16|

zeS

Orbits partition X

Question: What is 6,7

J

If G acts on X, and « € X, then the  stabilizer of z is

L Gy={9eG:g-z =z} y

G, <G

e € Gy, and if g,h € G, then (g-h) -2 =g-h-z =g -z =u,
sogh€Gy,andh-x =2 = h™lz=h"'-h-z=2.

so h~! e Gy,.

g J

If G acts on X, then kernal is N,ecx G

g is in the kernel of the action

= lg=Ildy < g-z=zxforallz € X < ge G, forall z € X.
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e S¢ ~{1,2,...,6}. Faithful action.
e Gs = {0(6) =6}, |Gg| = 5!

\ J

Theorem (Orbit-stabilize thm)

If G acts on X, and « € X, then there is a bijection

6:G/Gy — O,
gGm’_)g'x

Suppose ¢gG, = hGy, then h~lg € G,,soh™lg-x =2 = h-x=g-x.
So the function ¢ is well-defined.

Clearly ¢ is onto.

Suppose ¢(gG) = ¢(hGy), then

g-x=h-x
—hlgz=2
— h7lgeqG,

— ¢G, = hG,

O
. >,

Corollary

(1) |ﬁx| = [G : Gm]

(2) If S is a set of representatives for the G action, and X and G on finite,

_\ Gl _ 1
X1=2. g, =161 2 /&

zeS




Lemma

Let H < G. Then

(1) the left multiplication action of G on G/H is transitive.

= e ;) e =
G/H G/G A Orbit-Stabilizer “ H G/H

g-eH = gH so action is transitive. gH =¢g-eH =eH <= g€ H.

So GeH:H.

-

Theorem

If G is finite, and H < G, s.t. [G : H|] = p where p is the smallest prime p dividing |G|,
then H 4 G.

Let K be the kernel of the action of G on G/H by left multiplication.
We know K = NyexG, < Geyg = H.

Let k = [H : K] = {5].
[G:K]:Jl%zjl%-%:p-k.

By first isomorphism theorem, G/K = a subgroup of Sg,/i = S,.
So kp = |G/K| divides p! = k| (p— 1)\
Also k| |G| = k=1.

O
L >,

Lemma

G x G — G-(g,h) — ghg™! is a left action of G on G.

e-h=che ' =h

go(hok)=go (hkh™) = ghkh~lg™! = ghk(gh)™!
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This action of G on itself is called the _

a:GxG =G, (g,k)—g-k=gkg?

The orbit of k& € G under this action is called the _ of k and is denoted by

Conjg (k) = {gkg™! | g € G}. To stabilize of k is called the _, and is denoted by
Gr={9€G,gkg7' =k} <G < gk =kg.

J

Example

Consider Sg and let o = (1 4 5)(2 3).

Let us compute the conjugate oro ! for some 7 € Se.

Recall that conjugation acts by relabeling: for any ¢, o (%) replaces ¢ in the cycle notation.
For example, conjugating (1 4 5)(2 3) by o gives:

a(145)(23)0"" = (a(1) o(4) 0(5)(0(2) o(3))
If we take 7 = (1 4 5)(2 3), then:
oro " = (o(1) o(4) 0(5))(0(2) o(3))

This shows that conjugation in S, permutes the labels in the cycles according to o.

Note: The cycle type of permutation II is the list (mu,...,m1) when m; = number of cycles of
length 4 in II.

Cyclic type of (1 4 5)(2 3) is (0,0,0,1,1,1), meaning there are 1 cycles of length 3 and 1 cycle of
length 2.

(12 3)(4 5)(6) has the same cycle type.

1 2 3 4 5 6
g =
1 4 5 2 3 6

Conj(IT) = {all elements of S, with the same cyclic type as II}




Conjugation action on G gives action on 2.
N¢g(S),S < G is the stabilizes of S in this action.

GL,(R) acts on GL,(R) by conjugation on M, (R) by A- B = ABA~!.
Orbits are called |similarity classes .

A matrix is diagonal if and only if it is similarity class contains a diagonal matrix.

Jordan normal form determines the conjugate class of any matrix.

|Conjg (k)| =1 < gkg ! =kforallge G < g€ Z(G).

|f

Theorem Class Equation

Let T be a set of representatives for the conjugation action not contained in Z(G).
Then
|Gl =12(G)| + ) _ |Conjg(t)]

teT

T U Z(G) is a set of representatives for the conjugation action so |G|

> teruz(c) |Conjg (t)]-

\
Suppose p | |G|, |G| < +oo. Is there an element of G of order p?

Lagrange’s theorem: if g € G, then |g| | |G].

Theorem Cauchy’s Theorem

If |G| < +o0 and p | |G|, when p is prime, then G has an element of order p.

Let |G| = pm. Proof by induction on m.
Base case: n =1, G is cyclic, so there is an element of order p.
Suppose theorem holds for order pk for 1 < k < m.

Case 1: If G is cyclic, true by previous calculation for cyclic groups.

Case 2: If G is Abelian but not cyclic, choose a € G, a # e. Since G is not cyclic, |a| < |G|.
lal

If p | |a|, then a’» is an element of order p.
If ptlal, let (a) =: N < G, since G is abelian.
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Then

Since |G/N| < |G| (because a # e, so |[N| > 1), there is an element bN in G/N of order p by
induction.

b
g:G — G/N. bN = g(N). So p= [bN| | |b|, and b has order p.

Case 3: G is not abelian. Let T be a set of representatives for the conjugate class of G not
contained in Z(G).

If p 1 |Conj(g)| for some g € T, then p | |Ca(g)| = K:()Jg%’ and since g ¢ Z(G),
|Conje(9)] >1 = |Ca(g)l < |G|.

By induction, Cg(g) has an element of order p.
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xiii. Classification of groups

If G is a group of order 6, then G is isomorphic to either Zg or Dg = S3.

Order Groups
2 Zo
3 Zs3
4 Ly, Zo X Lo
5 Zs
6 Zg, Dg
7 Z7

There is an element of order 2 and an element of order 3.
|{(a) N (b)| = 1 by Lagrange’s theorem,

So every element of G can be written uniquely as a’b’ for 0 < i < 1and 0 < j < 2,
a~ ! =a, aba =?.

If aba = 6 = ab = ba so a,b commute, =—> G abelian

ab

(ab)? = a?b® = b* (ab)® =a®® =a
(ab)* = a'b* = (ab)® = ab?
(ab)® = a®b® = ¢

Now [G: (b)] =8 =2, () G = aba ="

(Note: if aba =e = b=c¢)

i =1 abelian

i = 2 if aba = b?, then ab = b~ 'a. This is the same relation in get in the dihedral
group rs = s ir.

So multiplication table for G is the same e multi table for Dg =— G = Dg.

- =,




ZgXZgZZG

(1,1) = (2,2) = (0,2) — (1,0) — (0,1) — (1,2) — (0,0)

Zwm = Z/mZ is the cyclic group of order m.

J

If ged(m,n) =1, then Z,, X Zp = Zpp.

k(1,1) =(0,0) in Zy,, X Z), <= m | k,n|k < mn|k.

So, [(1,1)] = mn.

J

Theorem (Classification of finite abelian groups)

If G is a finite abelian group, then
Gp = Zpal X Zpaz X ooo X Zpak

where a1 < as < --- < ai prime powers.

Furthermore, if G = Zy, X Zp, X -+ X Zy,, then k =1 and a; = b; for all i. P

Example

o Z12223XZ4¥ZQXZQX23
® 73 X Ly X Lg ¥ ZLor X Ly = Lorxr

xiv. Sylow’s Theorems

An _ of a group G is an isomorphism G — G.
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Lemma

If g€ G, then ¢ : G — G - h +— ghg™! is an automorphism.

¢(hk) = ghkg™' = ghg~'gkg™" = ¢(h)p(k).

If H<G then gHg ! <G forallg € G. (and |gHg | = |H|)

Let p be a prime: A p-group is a group of order p* for some k > 1.

A p-subgroup of G is a subgroup which is a p-group.

If |G| = p*m where p | m then by Lagrange’s theorem, a p-subgroup of G' has order p!
where 1 <[ <k.
A Sylow p-subgroup of G is a subgroup H < G with order p*.

We let Sylow,(G) denote the set of sylow p-subgroups of G.

np(G) = [Sylow, (G)|
\_ ' Y,

Theorem (Sylow Theorems)

Let G be a finite group, |G| = p*m where p is prime, & > 1, and p{m. Then

(1) Sylow,(G) # 0. i.e., G has a Sylow p-subgroup.

(2) If @ is a p-subgroup and P € Sylow,(G), then there is g € G s.t. gPg~' = Q. In
particular, all Sylow p subgroup on conjugate to each other.

(3) n,(G) =[G : Ng(P)] for any P € Sylow,(G). In particular, n,(G) | |G| Also n, =1
(mod p).

. J




If np = 1 then there is a unique Sylow p-subgroup, and it is normal.

If P € Sylow,(G), then gPg~"! € Sylow,(G).

np=1 = gPg~!=Pforall g €.

-

Example

Applying the Sylow Theorems

Suppose |G| = pq p, q are primes, p < gq.

Let @ be a Sylow g-subgroup. Then nq(G) | p but ng(G) =1 (mod q), so ng(G) = 1+ kq for some
k> 0.

Since 1+ kgtp for k > 1,ne = 1.

\ So Q is normal (since gQ~'g is a Sylow g-subgroup, gQg™' = Q). )

Sylow’s Theorems Part 1:

Proof by induction on |G|.
Base case: |G| = 1. Trivially true, suppose that the Sylow theorem (1).
For all groups of order less than |G/, let |G| = p*m.

Case 1: p | |Z(G)|

By Cauchy’s theorem, Z(G) contains an element a of order p, such that N = (a). Since
N < Z(G), N < G. |G/N| = pt~tm.

By induction, G/N has a subgroup Py of order P*~1.
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So |P| = p* = P is a Sylow p-subgroup.
Case 2: pt|Z(G)]

Let T be a set of representations for any classes of G not contained in Z(G).

As in the proof of Cauchy’s theorem, since

|Gl = 1Z(G)| + ) _ |Conj(t)] and p1|Z(G)]
CeT

Then is some ¢t € T' s.t. p{ |Conj(t)].
Since |Conj(t)| = %, we have
p* | 1Ca(t)|

Since t ¢ Z(@G), Ca(t) # G.
So by induction, C(t) has a Sylow p-subgroup P.

P<Cct) <G = P<G
Since |P| = p¥, P is a Sylow p-subgroup of G.

\_

J

Suppose P € Sylow,(G), @ p-subgroup of G. Then Q@ N Ng(P) = PN Q.

We know P < Ng(P),s0o QNP < QN Ng(P).
Let H= QN Ng(P). Since H < Q, |Q| < p' for some I.
So H is a p-subgroup. H < Ng(P), from 2nd isomorphism theorem, HP < G.

Also,
1P| |H]
HP| =
[P |PNH|
power of p.
So |[HP| = p! for some I. But HP > P — HP - P since P has maximal order for
a p-group.
So HCHP=P. = QNNg(P)=PnQ.
O
\ y

Sylow’s Theorems Part 2/3:

Let P be some Sylow p-subgroup of G. Let 0, = {gPg~! : g € G} be the orbit of P under

84




the conjugation action of G on 2.
Suppose @ is a p-subgroup @ acts by conjugation on &,.
Let T be a set of representatives for this action, so
65l = > 1Q -]
p’'€T
Q-p={9Pg':qeQ} Q is orbit of p/
Stabilize of p’ is
Co)={q€Q:qP'q"" =P}

=QnN Ng(Pl)

=QnPpP
Because all elements of &), a Sylow p-subgroup.
S0 Q- p| = by = [Q: QN P).
Notice that @ N P’ is a p-subgroup if @ Z P’, then |Q N P'| < |Q).
= p|[Q:QNP]
Claim 1: |0, =1 mod p

Take Q = P, choose T' s.t. P T.
PNnP=P = |Q-P|=1.
For P e T\{P},P ¢ P = p|[P: PnP.
So,
|Op| = Z[QP,]
p'eT
=1+ ) [@ P
p'€T\{P}
=1 modp
. ),

Claim 2: Every p-subgroup @ is contained in P’ for some P’ € 0),.
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-

Suppose @ is a p-subgroup, s.t. Q € P’ for all P € 0.
Then,

plQ-P| = p| ) 1Q P|=16

p'€T

This contradicting claim 1, then must be some P’ € &), such that Q C P’.

_ >y,

Sylow’s Theorem Part 2:
If p’ is a Sylow p-subgroup, then by (2) there is P’ € &), such that, P’ C P”. Since
|P’| =|P"|, P" = P". So, o’ € 0},. We conclude that &, = Sylow,(G).

So n,(G) = |0,| =1 mod p by Claim 1.

|stabilizer of P
_ gl

|Na(P)|
=[G : Ng(P)]

np(G)

because Ng(P) = {g : gPg~! = P} is the stabilizer of P.

Classification of finite abelian groups:

e Statement only (exam)

e Proof see videos (won’t be on exam)
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II. Ring Theory

i. Rings

A ring is a tuple (R, +, ) where
(1) (R,+) is an abelian group.
(2) - is an associative binary operation on R.

a-(b+c)=a-b+a-c
(b+c)-a=b-a+c-a foralabceR

A ring is |commutative if - is commutative (i.e., a-b="b-a for all a,b € R).

In a ring, O is usually and for the additive identity (i.e., the identity in (R, +)).
x is used for the inverse of z in (R, +), i.e., x + (—z) = O.

Denote a - b as ab for all a,b € R.

A 'multiplicative identity in a ring R is an element 1 € R such that 1-a =a -1 = a for all
a € R.

We know from before that a multiplicative identity is unique if it exists. Usually, denote it
by 1 (or 1 or I ) if it exists.

J

A unital ring is a ring with a multiplicative identity.

In this course, ring = unital ring.

Ring (with no multiplicative identity) is non-unital ring.
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(1) Z,Q,R,C commutative rings

N is not a ring no addition inverse
(2) My (R) non-commutative ring, R any ring M, (R) n X n matrices over R.
(3) ZnZ commutative ring.

(4) (Mn,+,©), A®B = A4B£BA (From hmw, not associative). It’s not a ring. (It called Jordan
algebra)

(5) Fun(X,R), X set, R ring, (+,-) point wise operations.
o (f+9)(2) = f(z)+9g(z)
o (f-9)(z)=f(z) g(z)

This is a ring.

o Commutative <= R is commutative.

e Identity: x — 1r (constant function).

(6) Non-unital ring: Fun(X,R) = {f : * — R|f~'(R\{0}) is finite}.

This is a non-unital ring, since f(z) = 0 for all z € X does not have a multiplicative

identity.

If X is infinite,  — 1 ¢ Fungnite(X, R).
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1. Basic properties of rings

Let R be a ring,

(1) 0-z=2-0=0 for all z € R.

0-2=(040)-z2=0-2+0-2=0andz-0==z-(0+0)

g J

If 1 =0, then R = {0}

Ifzre Rthenx=1-2=0-2=0.
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Let R be a ring, a subset S C R is a - if
(1) S is subgroup of (R, +)
(2) ifa,be S, thena-bes.

(3) 1e5.

If just (1) and (2) hold, then S is a _

\_ J

The center of a ring R is

Z(R)={r € R|zy=yxforall y € R}

Homework: Prove that Z(R) is a subring of R.

0

Polynomial rings
If R is a ring, then
Rlx] = {(a:)2y € R | there is some k > 0 s.t. a; =0 for i > k}

If (a;)$2, € Rlx] with a; = 0 for i > k, we write (a;){2, = E?:o a;xt.

|f

Example

Z[x],
o 142z + 32 +42° +0-2* € Z[z].

o 1 +a+a?+2®+-.- ¢ Z[z] (infinite sum).




e Addition: (ai),})io + (bz)zoio = ((LL' -+ bz)?io

e Multiplication: (a;)$2, - (b;)52 = (ck)ilq, where

k
k= aibe_;

=0
- J

(R[z],+,) is a ring with identity 1 =1 - 2°.

If R is a commutative then R[z] is commutative.

J

k

deg(z aiz’) =max{0 <i < k|a; #0}U{—oc0}
=0

deg(0) = —o0, deg(7) = 0,deg(1 + 72'°) = 10

a; is the coefficient of z* in > a;a".

J

_: poly of the form z?,i > 0.

"Term : poly of the form az’,i > 0,a € R.

. . k .
a;x*,1=0,1,...,k are the term of ) ja;x".

If
k

k= deg(z a;z’)

=0
then apx” is the _ and ay, is the _ of Zf:o a;xt.
. Y,

The constant polynomials {a - z° : a € R} form a subring of R[z].
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_ If R is a ring, G is a group

Let
RG ={(ag)g9| g9 € G,aq € R,Vg € G and |{g € G : a4 # 0}| < oo}

While (ag)gec as Y- cq ag9 (drop terms that a zero)

\_ J

DGZG,2~e+7-s—6sr:2e+7s—657‘+032—0r+032r

G=Z=R

©2.14+7-2-6-3€Z[Z)
e 1-1+1-241-3+...¢ Z[Z] (infinite sum).

|f

Proposition

Zagg + Zbgg = Z(ag +bg)g,Vag, by € R

Zagg . Zbgg :Zagbh(gh)zz Zagbg—qc k
g,h

geG geG keG \geG

\_

\_

Example

G=Dg,(2-e+7-s)+ (25 —3r) =2e+9s — 3r
(2e + 7s) - (25 — 3r) = 4s + 145® — 61 — 21sr.

N\

Example

|(
N
N

(3:1+4-2)—(7-2+3--8)=3-1-3-2—3.-8
(3-1+4-2)-(7-2+3-—-8)=21-3+28-4+9--7+12-—6
B-z' +4-2°)-(7-2>+3-27%)

-
\




(RG,+,-) is a ring with identity 1 = e

See videos.
O
\ J
G group — RG

Rring (e.g. R=Z-Q (e.g. ZG))
R — (R,+)=:R*" (eg. ZT, Q")
0xz=1(R\{0},")

Z\{0
\\{} )

An element of a ring R is called a - if it is invertible with respect to the multiplication.
The set of units is denoted by R*.

o Q* =Q\{0},
o 7 = {£1},

R* is always a group. )

Let R and S be rings. A function ¢ : R — S is a _ if

(1) ¢(a+b) = ¢(a) + ¢(b)
(¢ is a homomorphism for (R, +) and (S, +)),

(2) ¢(ab) = ¢(a)g(b)
(3) ¢(1r) =15

If only (1) and (2) hold, say that ¢ is a non-unital ring
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(1) If R is any ring, then R — {0}, r — 0 is a ring homomorphism.

zero homomorphism

(2) If R, S on rings, then R — S : r — 0g. This is a non-unital ring homomorphism, but not a

homomorphism unless S = {0}.
Not necessarily the case that then is a ring homomorphism between two rings R and S.
(3) Let R be aring. If p= Y% a;2’ € Rlz], and z € R, let p(a) = >.F_ a;a’ € R.

p(c) is the evaluation of p at a.

\ J
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Lemma

Let R be commutative, then
evy : Rlz] = R, pr— pla)

is a ring homomorphism.

We want to show that if p - g € R[z],

Suppose p = Zf:o a;zt and ¢ = Zi’:o bzl
By taking a; = 0 for ¢ > k, b; = 0 for j > [, can assume WLOG that k = [.
Then

(p+q)(a) =

N

k
> (ai+bs) xi) ()

i=0

k
= (a; +b;)a’
=0

I
1 ]
NE
s
=l
i
x>
N——
Q
3

Il
"
ﬂ MN‘ o
&
st
N——
<
10~
&
Q
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N————




Proposition

If ¢ : G — H is a group homomorphism, R is a ring, then there is a ring homomorphism

RG—)RH:Zagg'—)Z Z ag | h

9geG h€H \geG,¢(g)=h
¢ (Z agg) = Z ag9(9)
geqG

(There are finitely many terms in not zero, so the sum is finite.)

Definition

If R is a ring, and n > 2, then multivariable polynomial (over R) is a function

Rlz1,x2,. .., 2] = R[z1,22, ..., Tpn_1][Tn]

\_ J

Example

Rlz,y] = Rlz][y]
Elements of this ring look like (1 4 %)y 4 (1 — 2?)y + 2'%%?

If o = (a17 g, ... 7an) S Rn, then
eV :R[x1,T2,. .., 2] = R
R[fl?], o, ... ,.’En_l][xn] e'ui) R[.'I,‘l, To, ... axn—l]
Vap_y €Vay

— R

is defined by setting evy (p) = €vq, - €Vq, -« - €Vq,, (D).

p=(142z) — (7+2?)y® € Z[z,y], what is ev(1,2)(p)?

eva(p) = 1 + 2z — (7 + %) - 2° = —55 4 20 — 82°

evi(eva(p)) = =55+ 2 -8 = —61
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A bijective ring homomorphism is called an 'isomorphism .

Lemma

If $: R — S is a ring isomorphism, then ¢! : S — R is also a ring isomorphism
ie. ¢: R — S is aring isomorphism if and only if there is a ring homomorphism ¢ : R — S

\s.t.g/)-d):id,w-qﬁ:id. )

Example

~

(1) R[z] = Rly], doesn’t matter what variable we use in polynomial rings.

(2) If we have a permutation o € Sy, then

R[m17 Z2,. .., x”] = R[xa(l)v To(2)s--- 7xo(n)]

\

-

Example

Typically elements of Z[z,y](1 + 32%)y° + 7z%y — (1 — 9z)y?
If o € S, then R[z1,...,%n] = R[Zo@)s- -+ Tom)]-
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Properties of Ring Homomorphisms
Let ¢ : R — S be a ring homomorphism.

(1) ¢(a™) = ¢(a)™ for all n > 0

By induction.

(2) If u € R*m then ¢(u) € S* and ¢p(u=1) = ¢(u)~1.

ls = ¢(1r) = ¢(u-u™t) = ¢(u) - $(u™")
so 1s = ¢(u) - ¢(u™") impli

(3) Im¢ is a subring of S.

¢: (R,+) — (S,+) is a group homomorphism, Im¢ and ker ¢ denote image
and kernel of ¢ respectively.

(4) If a € R,b € ker ¢, then ab, ba € ker ¢.

¢d(a-b) = ¢(a) - d(b) = ¢(a) - 0s = 0g and similarly for ba.

If S<R,ze€R,then xS = {zs| s € S}.
Property (4) can be rewritten (z # S) to say that zker ¢ C ker ¢ for all x € R.
(4) = ker ¢ is a non-unital subring of R.
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ii. Ideals

A subset I C R is an - if

1. I is a subring of (R, +), and

2. xl,Ix C I for all z € R.

Example

(1) If ¢: R — S is a ring homomorphism, then ker ¢ is an ideal of R.
(2) I ={0} and I = R are ideals since r -1 € I,Vr € R.
Zero ideal, Note I = R <— 1€ 1.
(3) Every ideal is a non-unital subring, converse is not true.
R[z] has R as a subring, R - z° constant polynomials, not an ideal z - r2° = rz ¢ R[z].
(4) nZ ={ka:k € Z} is an ideal in Z.

\ J

Lemma

If R is a common ring and x € R, then zR = Rx is an ideal in R.

0==z-0€ xzR. If xa,xzb € zR,
then za + zb = xR, —za =z - (—a) € zR.

So zR is a subring of R.

If xa € 2R,y € R then y - za = z(ay) € xR, so zR is an ideal in R.

An ideal of the form zR is called a _
1\ J
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Properties of Ideals
Let I be an ideal in R.

1. If I, J are ideals in a ring R, then I +J ={x +y: 2z € I,y € J} is an ideal of R.
2. If F'is a family of ideals then ;. I is an ideal of R.

3. If ¢ : R — S is a surjective homomorphism, and I is an ideal of R, then ¢(I) is an
ideal of S.

We proof that I and J is a subgroup of (R, 1), (I C N(g1)(J)).
Ifxel,yeJreR, thenr(z+y)=rz+ry €I+ Jbecause rz € I,ry € J.
Similarly, (x +y)r =ar+gr € I +J. So I + J is an ideal of R.

(2) — (4) Hwk.

O
_ J
\_ _J

If R is a ring and S C R, then the ideal generated by S is

(S):= ﬂ I

SCICR,I ideal

This is an ideal by part (2) of the properties of ideals. Also S C (.5).

If K is a commutation ring, and S = {fi, fa,..., fn tthen

(S)={F\R+F,R+...+ F,R: F, € R}
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Lemma

If R commutative ring, S = {f1,...,fn} C R
Then (S) = fiR+ -+ + fnR is the ideal generated by S. I +J ={a+b|a € l,be J} is

an ideal.

Proof

I=fiR+ -+ f,R. We know that [ is an ideal and fi,..., f, € I, so (S) C I.
Since S C (5), f1,-.., fn € (S).
If firi+- -+ furn € (S) for some 71, ...,1, € R, then f;r; € (S) so fir1+-- -+ furn €

(S).
We conclude that T C (S).
0
\_ ),
\_ J
zR = (z)

Suppose R is commutative, c € R

f =z — ¢ € R[z] is a polynomial.

Then (f) = Rlz]f = {g9(z)(x — ¢) | g(x) € R[z]} is the ideal generated by f.
If h(z) = g(z)(z — ¢), then evc(h(z)) = g(c)(c —¢) = 0.

So (f) = ker(ev.).

\ J
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Lemma

If h € R[z], degh C n, then there are ag,as,...,a, € R such that

where (z —¢)? := 1.

Let a,, be the coefficient of ™ in h.

Then h(z) = a,z™ + lower degree terms.

So, h(z) = an(x — ¢)™ = polynomial of degree <n — 1.
anx™ + lower degree terms

So we can make an individual argument to show,
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Corollary
ker(ev.) = (z — ¢)

(x — ¢) C ker(ev,).
Suppose h € ker(ev.), we can write

=(x—c) Z ai(x — )t
i=1
€(x—c)
- 2

\

Not all ideals are principal.

(z,y) C Zz, y]. Suppose (z,y) C (f).
Then there is pg € Z[z, y] such that

r=pf, y=4qf
Hmw: f =41 = (f) = Z[z, y].
Only principal ideal containing (z,y) is Z[z, y].

-

Example

I=(2,z) CZx]IfIC(f), then

Z = pf for some p € Z|x].

Hwk: f={+£1,£2}

Hwk: = ¢ (f) if f = £2.

So only principal ideals containing I is Z[z].

-

103



ili. Quotient Rings

If Ris aring, S C (R, +) =: R* then
Rt/S={a+S|a€R"}
Since R™ is an abelian group, R"/S is a group with operation (a+S)+(b+S5) = (a+b)+S.

Let I be an ideal in a ring R.

Theorem R/I is a ring with operations.

(@a+I)+ b+ =a+b+1
(a+1)b+1I)=ab+ 1

and identity: 1+ 1.
Furthermore, the quotient map, ¢ : R — R/I is a ring homomorphism with ker ¢ = I.

J
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A subset I C R is an ideal iff I = ker ¢ for some ring homomorphism ¢ : R — S.

We already know that R/I is an addition group with the group operation.
To show - is well-defined, suppose a3 + I =as+ 1 and by + [ = by + 1.
Then a3 —ags € I and by — by € I. So,

a1by — asby = a1by — a1by + a1by — aghy € 1
=a (bl = b2) +bo (a1 = 0,2) el
I el
€

Suppose a+ I,b+ I,c+ 1 € R/I.
Then (a+ I)(b+I) =ab+ I, and

e is associative:

(a+D((b+D)(c+1I))=(a+I)(bc+1I)
= abc + I as associative in R
= (ab+1I)(c+1)
=(a+DO+I)(c+1)

e is distributive:

(a+D(b+I)+(c+I)=(a+I)(b+c+1)
=alb+c)+1
=ab+ac+1
=(ab+ 1)+ (ac+1)
=(a+Db+I)+(a+I)(c+1)

Similarly, (b+I)+ (c+1I))(a+1I)= O+ )(a+ 1)+ (c+I)(a+I).

e 1+ [ is the identity:

(a+DA+1)=1-a)+1
=a+1
=(a+D)(1+1)
=a+1

So R/I is a ring. We also know that ¢ is a group homomorphism.
R — (R/I,+) with kerq = I.

Since g(ab) = ab+ I = (a+ I)(b+ I) = d@q(b), ¢(1) =1+ I.

So ¢q is a ring homomorphism with ker ¢ = I.




x + I is an equivalence class can also denote it by [z].
With the notation with « + I = [z], we can write

[2] + [y] = [z + 9]
[2][y] = [2y]
1R/I = [1]

Z/nZ is a quotient ring.

[a] + 6] = [a + ]
la][¥) = [at)
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iv. Isomorphism Theorems for Rings

Theorem (Universal property of quotient rings)

Let ¢ : R — S be a ring homomorphism, I be an ideal of R, and ¢- R — R/I be a quotient
homomorphism.

Then there is a homomorphism

Y:R/I— S

with

PY-q=¢ < I Ckero

If ¢ exists, it is unique.

(=)

If ¢ exists, then I = kerq C ker) - ¢ = ker ¢.

(<)

If I C ker ¢, then there is a unique group homomorphism v with ¥ - ¢ = ¢ by the
universal property of quotient groups.

Ifa+1I,b+ 1€ R/I, then

¢((a+1)(b+ 1)) = ¢(q(ad))

YL +1) =¢(q(1)) = ¢(1) = 15

So 9 is a ring homomorphism.

_ H )
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Corollary (1st isomorphism theorem for rings)

If : R — S is a ring homomorphism, then there is an isomorphism
Y:R/ker¢p > im¢p st Pp-qg=0¢

where ¢ : R — R/ ker ¢ is the quotient homomorphism.

ker ¢ < ker g, by the universal property of quotient rings, there is a unique homomor-
phism ¢ : R/ker¢$ — S such that ¢ - ¢ = ¢. By the 1st isomorphism theorem for

groups, there is a group isomorphism

Y R/ker ¢ — im ¢

st. Y-q=0.
So,
pla+1) =v(q(a)) = ¢(a)
= ¢' o q(a) = w’(a+I)Va €ER
So 1 = 1.
N ),

\ J

If R commutation, then

R[z]/(z — ¢) = R|z]/ ker ev. 2 R( by first isomorphism theorem)

im(eve : R[z] = R:z — ¢) = R.
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Example

Zlz,y)/(y — *) = Z]z].

(y —2*) C Zlw,y] = Zlz]ly] (c=2" € R, R =Z[x)).

-

If I CRlz],pel

0=q(0) = S [bia’ = p(a)

Yaizt + I € Rlz], ¢(3 a;xt) =Y a;zt.

Remark

7

Where p = Y b;z® 7 satisfies the equation p = 0.

\_

Example

Let p=2® +1 c Rz
F+1=0inR[z]/(p) = #* =

Then ¢(z) =i in R[z]/(p).

—1.
Let ¢ : R[z] — R[z]/(p) be the quotient map.

|f

\-
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Lemma

Every element of R[z]/(p) can be written uniquely as a + bz + (p) for some a,b € R.

Suppose a € R[z]/(p), so a = f(z) + (p) for some polynomial f € R[z]. Choose f to
have minimal degree. Let f = Z?:o a;x*, where n is the degree. If n > 2, then

f=apz"?+(p) =«

because a,pz"~? € (p).
Since f — a,pz" 2 has degree < n,
So, f=a+bx

Suppose

a+bx+ (p) =c+dz+ (p)
— (a—c¢)+ (b—d)z € (p)
= (a—c) + (b—d)zg(x)p(z) for some g(z) € R[z]

In R[z],deg gpdeg g + degp = deg g + 2.

So by gp = deg((a —¢) + (b —d)x), degg +2 < 1.
= degg=-00 = a=cb=d.

So a + bz is the unique representable for a.
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-

Rlz]/(p) = C

Since R is a subring of C, so R[z] is a subring of C[z].

Let ¢ : Rlz] — C[z] be the inclusion map. (a ring homomorphism)
Let ¢ : Rlz] = C: f ~ evus(8(/))

Then (a2 +1) =2 +1=—1+1=0.

(¢(z) = evs=i(¢(z)) = 19)

?+1ekerg = (22 +1) < kero.

By universal property of quotient rings, there is a homomorphism

¢ : Rlz]/(p) = C: f+ (p) = f(3)

é(a+bx + (p)) = a+ bi.
Since every element of R[z]/(p) can be written uniquely as a+bx+(p), for a,b € R, and
every element of C can be written uniquely as a+bi for a,b € R, q~5 is an isomorphism.

. H )

J

Method for constructing a ring homomorphism from old rings:

1. Start with some ring R.

2. Add some variables z1,zs,..., T,
3. Choose some polynomials pi,ps,...,pm In R[z1,x2,...,2,], that we want
T1,%2,...,Ty, to satisfy.

4. Take S € R[x1,%a,...,2,]/(P1,D2,---,Pm). The elements @,,...,4, satisfy
P1,P25---3Pm-

We can use this method to construct C from R and many other examples.

Conclusion: S could be the zero ring.
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Theorem (Correspondence Theorem)

Let ¢ : R — S be a surjective ring homomorphism. There is a bijection,

By Correspondence Theorem for groups, we have

From homework, if I is an ideal of R and ker ¢ C I (Optional), then ¢(I) is an ideal
of S.
If I is an ideal of S then ¢~ 1(I’) is an ideal of R containing ker ¢.

So the bijection restrict to bijection on the subsets.

_ >,
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Theorem (3rd isomorphism theorem)

If I C K an ideals in a ring R, and

q1 :R— R/I,
g :R/I = R/I | K/I
g3 :R— R/K

Then there is a homomorphism ¢ : R/K — R/I / K/I such that

R il R/T

| E

R/K (R/T)/(K/T)

We know from the 3rd isomorphism for group that there is a group isomorphism

with 0 g3 = g2 0 q1.
If a,b € R, then

¥([a] - [b]) = ¥(gs(a - b))
= q2(q1(a- b))

= q2(q1(a) - 1 (b))

= ¢2(q1(a)) - ¢2(q1 (b))

)Y

P([a]) - 9 ([b])

Similarly, ¥([1]) = [1]. R/I/ K/I is a ring, so ¢ is a ring homomorphism.

\ J

Second isomorphism theorem for rings: In video
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v. Commutative Rings

A - is a commutative ring R in which 1 # 0 and R* = R\ {0}.

Q, R, C are fields.

Ln =Z/nZ
[m] has an inverse if and only if ged(m,n) = 1.
So

(Z/nZ)* = {[m] | ged(m,n) =1,0 <m <n—1}
=Zn \{[0]} < nis prime

. J

Proposition

Let R be a commutative ring, then R is a field if and only if 1 # 0, and the only ideals of
R are {0} and R.

=)

Suppose R is a field, I C R is an ideal.

Suppose I # {0}, so there is r € I such that r # 0.

Since r # 0,7 € R*, so there is t € R such that 1t =1 — [ = R.

(<)

Suppose the only ideal of R on {0} and R. (on d 1 # 0)

Let r € R\ {0}. Then rR # {0}, because r # 0, so rR = R. So 1 = r - s for some
te R. Sore R

\_ =y,

114



If ¢ : K — R is a homomorphism, K is a field, and R # 0. Then ¢ is injective.

ker ¢ # K because ¢(1) = 1 # 0 because R # 0.

So ker ¢ = {0}, and ¢ is injective.

\ J

Question: When is a quotient ring R/I a field?

R[z]/(z® + 1) is a field, C.

Answer: R/I is a field if and only if [1] # [0] and the only ideal of R/I are {0} and R/I.

Lemma

Let I be an ideal in a commutative ring R. Then,

1. 1] #£[0] < I#R.

Pf: Exercise

2. The only ideals of R/I on {0} and R/I if and only if the only ideals of R containing
I are I and R.

Correspondence Theorem for rings,

[FIXME: Diagram|]

\§ J

An ideal I of R is maximal if

1. I # R, and

2. the only ideals of R containing I are I and R.
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Corollary

Let I be an ideal in a commutative ring. Then R/T is a field if and only if I is a maximal

ideal of R.
\_ J

Example

(x — ¢) C R[x], ¢ € R is a maximal ideal.
Rlz]/(x — ¢) &2 R, (x — ¢) is maximal if and only if R is a feild.
(z) < Z[z] is not maximal, (z) C (2,z) C Zx].

g

Note

Q: Is R[z]/(2® — ¢) a field?
¢ < 0: Yes, because 2% — c is irreducible over R.
¢ > 0: No, because z? — ¢ is reducible over R (it factors as (z — v/¢)(x + 1/¢)).

Hint: check if 22 — ¢ is maximal ideal in R[z].

g

Definition

A _ on a set X is a relation if

1. <z for all x € X (reflexive),

|f

2. if z <y and y < x, then z = y (antisymmetric), for all 2,y € X,
3. if x <y and y < 2z, then x < z (transitive), for all z,y,z € X.

We say z < y if x <y and x # y.

A _ of a subset § C X is an element x € S such that if y > vz and y € §
then y = .

An _ on a subset S € X is an element x € X such that for all y € S.

A _ of a subset S is an element of S which is an upper bound. A set has a

unique maximum element if one exists maximum and maximal element do not have to exist.

J

Example

If X is a set, then 2% is a partial ordered under subset inclusion.

X={1,2} S={0,{1},{2}}

{1,2} is an upper bound not maximal element of S.

g
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Note

The set of ideals is a ring R is partially ordered under subset inclusion.
The set of all ideals has a maximum element, R. The set of proper ideals is also partially
ordered under subset inclusion. A maximal ideal is a maximal element of the set of proper

ideals.
\_ J

Definition

A subset S of a partially ordered set (X, <) is a chain if for every x,y € S either < y or

y<uw

J

Proposition

Every commutative ring R has a maximal ideal.

Proof
Let X be the set of proper ideals of R, and let S be a chain of ideals in X.

J=|J#

IeS

1€ J <= 1€l for some I € S, which can’t happen because all ideals in S are
proper.
So, J € X.

. H )

Since any chain in X has an upper bound in X, X has a maximal element by Zorn’s lemma.

|f
\_

Corollary

If T is a commutative ring with 1 # 0, then there is a homomorphism R — K where K is a
field.

Let I be a maximal ideal in R, K = R/I have homomorphism R — R/I.

Z—Q:x—x,Lvw— /27 =7s, n— [n]
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vi. Integral Domains

If K is a field, p, ¢ € K[z] then
deg(pq) = deg(p) + deg(q)

This doesn’t happen in Zg|x]:

(1+22)(1+32)=1+5zx+622=1—2

The problem in Zg[z] is that 2 and 3 are zero divisors, so Zg[x] is not an integral domain.

Definition

Let R be a ring, and element z € R\{0} is a _ if there is y € R\{0} such that

= 0.
Y Y,

Example

Zn if d | n then [d] = [5] = [n] = 0 is a zero divisor.
0<d<n,[d#0.
If ged(d,n) = g > 1, then

N @-[2] - o )

R x R, (a,0),(0,b) for a,b # 0 are zero divisors.

Q[z]/(x?) [x] - [x] = [0] is a zero divisor. [x] # 0.

Qlz, y]/(zy), [z] - [y] = [xzy] =0, so [z] and [y] are zero divisors.

Definition

A commutative ring 2 s an | RN

1.1#40in R

2. R has no zero divisors.
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Lemma

If n is a unit, then u is not a zero divisor.

Ifu-z=0then u ' -(u-z)=1-2=0.
=0

Any field is a integral domain

Z is on integral domain. Z is a subring of Q.

First, any subring if an integral domain is a integral domain

Z/nZ is an integral domain <= n is primes <= Z/nZ is a field.

Proposition

If T is a finite integral domain, then R is a field.

Lemma (Cancellation Law)

If z € R\{0} is not a zero divisor, and xa = xb or ax = bz, then a = b.

If za = b then z(a —b) = 0,80 a — b= 0.
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If R is a field integral domain, then R is a field.

Suppose = € R\{0}. (Note: 1 # 0 because R is a domain.)

Because R is finite, the sequence x, 22, z3,... must repeat.

Suppose " = 2™ for some n < m. Then

2@ =™ -1

Suppose 2™ =0, then z - 2™ 1 =2.0 = 2™ ! =0.

To interacting this, we conclude that x = 0, this contradicts the fact that x # 0, so
™ #£0/

So

gm(@" M) =2" -1 = 2" " =1
If n=m+1,then 1 € RX. If n > m+1, then 2" ™! is an inverse for z, so z € R*.

O
\_ J
g J

If R is an integral domain, then

1. f,g € R[z] then deg(fg) = deg(f) + deg(g).

2. RJx] is an integral domain.

1. f=ana™+ -+ and g = b, 2™ + - --. (Leading coefficients are non-zero.)
Then fg = apby,x™ ™™ +---.
Since an, by, # 0, anby # 0, so deg(fg) = n+m = deg(f) + deg(g).

(this covers the case when f,g # 0, f or g is zero will proof as exercise.)

2. If f,g € R[z]\{0}, then deg(fg) = deg(f)+deg(g) > 0, since deg(f), deg(g) > 0.
So, fg #0, also 1 # 0 € R[z].

So R[z] is an integral domain.

O
\ J
\_ J

Question: When is R/I an integral domain?
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Definition

Let R be a commutative ring. An ideal I € R is a - if I # R, and if ab € I for some
a,b € R, then either a € I or b € I. (or both)

J

Example

|f

R=Z,kemZ < m| k.
If p is prime, then ab € pZ <= p|ab < plaorp|b < a € pZor b € pZ.
I C R is an ideal.

|(

Theorem

If R is a commutative ring, then R/I is an integral domain if and only if I is a prime.

Proof

|

Since [1] # [0],] # R. If a,b € R s.t. ab € I, then [ab] =0 in R/I.

Since R/I does not have any zero divisors, must have [a] = 0 or [b] = 0.

So either a € I or b € I. So I is a prime.

(<)

Suppose I is prime, since I C R, [1] # [0] in R/I.

Also, if [a] - [b] = [0] in R/I, then ab € I.

Since I is prime, either a € I = [a] =[0] or be I = [b] = [0].

So, R/I does not have zero divisors = R/I is an integral domain.

\ 2
\_ J

Example

Z/mZ is a domain for m > 1 if and only if m is prime.

So mZ is prime if and only if m is prime.

If I C R is maximal then R/I is a field = R/I is a domain <= [ is prime.

Previously, saw Q[z,y]/(y — 2°) = Q[x]
x ¢ Q[z]", Q[z] is a domain but not a field.

So, (y — #?) is a prime, but not maximal.
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Let R be a commutative ring, then R is a domain <= I = {0} is prime.

R/{0} 2 R, so R is a domain <= {0} is prime.

If R is a domain, then whether f(x)R][z] is prime is a field where f factors.

\ J

Lemma

If g, h € R[z] have deg > 1, then I = ghR[z] is not prime.

gh € I,if f € I then f = ghk so either

f=0

deg(f) = deg(g) + deg(h) + deg(k) > deg(g) + deg(h) > max(deg(g), deg(h))
So, g,h ¢ I.

_ H )

1\ J

Rlz]/(z* +1) 2 C so (* + 1) is maximal == 2+ 1 is prime.

(£)* = -1, (£[z])*=-1

C[x]/(2* + 1) is not a domain, since 2% +1 = (z —4)(x + i) in C[z], so (z* + 1) is not prime by the

previous lemma. )

\.

Question: Can we find a domain R containing C as a subring, s.t. R has € R\C such that

x? =17
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Lemma

If R is a domain and 22 = ¢ in R then z =t or £ = —t in R.

?=12 = 2?-t?=(x—t)(x+t)=0,s0z—t=0o0r z+t =0 in R, implies
r=torx=—t.

Apply thing this with ¢t = i gives 22> = —1 in R.

1\ J

Let R be an integral domain. The integral domain. The relation ~ on R x (R\{0}) defined
by

(a,b) ~ (¢,d) < ad=bc

is an equivalence relation.

a € R,be R\ {0},ab=abso (a,b) ~ (a,b)
e If (a,b) ~ (c,d) then ad = bc so be = ad and (c,d) ~ (a, b)

o If (a,b) ~ (¢,d) ~ (e, f) a,b,c € R,b,d,f € R\ {0} ad = bc and ¢f = dc si
adf = bef = bde so af = be by cancellation law so (a,b) ~ (e, f)

O
\- J
N\ J

If R is an integral domain, a € R,b € R\ {0}, set

= [(a,b)] € R x (R\{0})/ ~

Sl

The field of fractions of R is {$ |a € R,b € R\ {0}}
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Theorem

Let @ be the field of fraction of R, the @ is a field with operation

ac

ad + bc a ¢ _ac
bd ' b d bd

_|_

SH e}

a
b

Zero in @ is % and the identity is %

a _ —a

b~ D
1. 4+ and - are well-defined
2. (@,+) is an abelian group
3. - is associative and distributive and commutative
4. + is an identity for multiplication

5. Every non-zero element is invertible (ab,ab) ~ (1,1) so ¢ # 0 has an inverse

ab ab 1

ba ab 1

O
| >,

Corollary

Every domain is a subring of a field

Given a domain R, let @ be the field of fraction of R, and let Ry = {% : @ € R} Then
Ry is a subring and
R—Ry:a— % is an isomorphism

" =,

R =7 field and fraction in Q.

If R is a field, the field of fraction of K[z] is denoted by K(z).
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vii. Chinese Remainder Theorem (In video)

viii. Principal Ideal Domain (PID)

Definition

If R is a commutative ring, we say f | g or f divides g if there is some h € R with g = fh
(or g € fR).

J

Note

|f

1. Ifz |y then x | yz for all z € R
2. z|0forallz € R

3. u|1if and only if u € R* If u € R*, then w | z for all x € R.

4. Ifz,ye R,ue R, thenz |y = uzx|y,uz | z,z | uz.

- J

Definition

If R is commutative, then two elements x,y € R are associates if y = ux for some u € R*.

Note: z ~ y.

J

Lemma

|f

~ is an equivalence relation.

1. ~ is a transitive relation.

T~Y~Z Y =UT, 2 = VY, 2 = UVT

2. If ¢y ~ x5 and y; ~ yo, then z1 | y1 <= 22 | Y.

3. fz~y thenz |y < y|z.
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Lemma

If R is a commutative ring, then z | y and y | « if and only if () = (y), where (z) is the
ideal generated by x.

y and y | = if and only if y € (z) and = € (y) iff (y) C (z) and (x) C (y) iff

If R is a domain, then z | y iff z |y and y | .

(=)

holds in any ring,

(<)

Ifzx=0thenz|y = y=0 = z~y.

Suppose = # 0 and set y = uz for some v € R and x = vy for some v € R.

Then vux = vy = x. Since R is a domain, vu =1 so v,u € R* = = ~y.

O

\ J
\_ J

An element d € R is a common divisor of a,b € Rif d | a and d | b.

A common divisor is a greatest common divisor of a,b if d’ | d for every common divisor d’
of a,b.
Note: d = ged(a, b) to mean d is a ged of a and b.

2 = ged(6,8), —2 = ged(—6, 8),2 = ged(6, —8), —2 = ged(—6, —8).

Common divisor of a and b is a number d € R such that d | @ and d | b.
Greatest common divisor of a and b is a common divisor d such that for any common divisor
d’ of a and b, we have d' | d.

J
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2 = ged(6,8), —2 = ged(6, 8)

1. 0 = ged(a, b) if and only if a =0 or b = 0.

2. If w € R*, then any divisor of u is a unit.

(If z | u, then u = he = 1 =u"tu=u"thr = gcd(u,a) = v’ for any u’ € R*)
3. If d = ged(a,b) and d' ~ d,a’ ~ a,b’ ~ b, then f' = ged(d’,t).
4. If d = ged(a, b), and d' = ged(a,b) then f | f/ and f' =d.

In a domain, d ~ d’. We say ged is unique up to units. )

Lemma (Basic Property of Common Divisor)

Let a,b,d € R, then TFAE:

1. d|aandd|b.
2. d|xza+ybfor all z,y € R.
3. (a,b) = (d)

1. (1) = (2): If d | a then a = gd and if d | b then b = hd. If z,y € R then
xa + yb = xgd + ghd = (xg + yh)d, so d | xa + yb.

2. (2) = (3): If f € (a,b) then f = xa + yb for some z,y € R,
sod| f = fe(d).

3. (3) = (1): a,b€ (a,b)=(d) = d|aandd]|b.
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Let a,b € R, R commutative. Then a,b have a gcd iff there is a principal ideal I with
(a,b) C I and such that if J is a principal ideal with (a,b) C J, then I C J.

If T exists, then there is a unique and I = (d) <= d = gcd(a, b).
[FIXME: Graphical]

d = ged(a,b) < (a,b) C (d) and for any other principal ideal J = (d') with

(a,b) C (d'), (d) C (d’). (This is because d' | a and d’ | b implies d’ | d.)
If I and I’ both satisfy the property of proposition, then I C I’ and I’ C I so I = I'.

O
- J

Corollary

1. If (a,b) = (d) then d = ged(a, b).
2. If (a,b) = (d) <= d = za+ yb for some z,y = R and d | a and d | b.
1. Clear
2.
(a,b) = (d) <= (d) C (a,b) and (a,bd) C (d)
<= de(a,b)and d|a,d|b
<= d =za+ yb for some z,y € Rand d | a,d|b
O
\ J
\ J

A principal ideal domain or PID is an integral domain in which all ideals are principal

ideals.

. J

If R is a PID, then every pair of elements has a ged, and d = ged(a,b) <= d = za + yb

for some z,y € R and d | a,d | b.
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Z is a PID, ideal C subgroups, for Z, subgroup = {aZ : a € Z} = ideals.

Zlx], (2,z) is not a PID because (2, z) is not principal.
Q[z,y], (z,y) is not a PID because (z,y) is not principal.

- J

Lemma

If K is a field, and f,g € K[z], f # 0 then there are ¢, r € K|[z] such that g = qf + r where
deg(r) < deg(f)

By induction on degg. If degg < deg f, then set ¢ =0 and r = g.

Suppose that the lemma is true for deg(g) < k.
If deg(g) = k, then g = ax® +
Lower degree terms
Let f =bx™ +
Lower degree terms
Let h=g— %a*~™f = (az* +---) — (azF +--+)
Then deg(h) < k, so by induction, there are ¢/, 7" € K[z] such that h = ¢’ f + 1’ where

deg(r’) < deg(f)

g= %Ik_mf—l—h: %mk_mf—i-q/f—i-rl
= (%w’“_"‘ +q)f+r

Take ¢ = ¢xF~™ + ¢/ and r = 1’, then deg(r) < deg(f).

_ =,
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If K is a field then K[z] is a PID.

Suppose I is an ideal in K[z] iff I = 0 = (0), so I is principal.
Suppose I # 0, let kK = min{n : I has a non-zero element of degree n}, and let f € I

be an element of degree k.

Claim: I = (f). We know (f) C I.
Suppose g € I, g # 0, then there exists ¢,7 € K[z] such that ¢ = ¢f + r where

deg(r) < deg(f).
Butr=g—qfe€l,sor=0and g=qf € (f),so I C(f).

N >,

nZ is prime if and only if n is prime or n = 0.

If R is a PID, every non-zero prime ideal is maximal.

Let I be a non-zero prime ideal J # R.

Suppose J is a proper ideal with I C J.

Want to show I = J.

Since R is a PID, I = (a) and J = (b) for some a # 0,b # 0.
Since I C J, a = br for some r € R,r # 0.

Since I is prime, either b€ I or r € I.
Ifbel, then JC I and I =J.

Suppose r € I. Then r = at for some ¢t € R, so a | r and r | a.
Since R is a domain, a ~ r associates, i.e. there is a unit v € R at a = ur. But then
ur =a =br = u = b by cancellation.

So J = (b) = (a) = R, which is a contradiction.

Thus,be I and I = J.

_ ),

130



If R[z] is a PID, then R is a field.

R C RJz] is a subring, so R is a domain.

evg : R[z] = R, f(z) — f(0) is a ring homomorphism.

With Ime,, = R and ker.,, = (z).
By the First Isomorphism Theorem, R[z]/(z) = R, so (z) is prime.
By proposition, (z) is maximal, so R[z]/(x) is a field.

ITII. Final Notes

Definition

Let R be a domain, P € R, p # 0, p C R*.

Then p is prime if p | ab = p|aor p| b for all a,b € R.
p is irreducible if p = ab, either a or b is a unit.

p is reducible if p is not irreducible.
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(1) p is prime if and only if (p) is a prime ideal.

(2) If p ~ p’ then p is prime (irreducible) if and only if p’ is prime (irreducible).

(3) Ir p is prime, then p is irreducible.

Proposition

If p is an irreducible in a PID R, then p is prime.

Let R be a domain. We say that R has complete factorization into irreducible if for any
r € R\ (R*U{0}), there are irreducible r1,72,...,7 s.t. 7 = rire -1 (= (ury)(u"trg) )

J

Complete factorization are unique if for any two sequences fi,..., f, and g1,...,gm of

irreducible n,m > 1.
if
fifer - fan=0192" gm

then n = m and there is a permutation o € S,

st f1 ~ gou) foralli=1,...,n.

R is unique factorization domain (UFD) if R has complete factorization into irreducible

and the complete factorization are unique.

.

Theorem (Big Theorem)

If R is a UFD, then Rx] is a UFD.
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If R is a PID, then R is a UFD.

Q | Qz] | Qlz,y] | Qlz,y, 2]
field | PID | UFD UFD

In PID, ged(a,b) = k where (k) = (a,b), ged is existed in UFDs.
a=piipy - pitb=pitph? - pt
ged(a,b) = pi'ps? - - - py* where ¢; = min(a;, b;).

J

If R is a domain, and every irreducible element is prime, then R has unique factorization.

160

-

Theorem

R is a UFD if and only if all irreducible elements are prime and R satisfies the ascending
chain condition on principal ideals.

_/

Domain not a UFD
Not unique factorization, complete factorization do not exist.

J

Qlz, t, z,w]/(zy — zw) zw = 2y, z,y, z, w are irreducible.

Z[iv/5] 6 =2-3 = (14 iv/5)(1 — iv/5).

End of Class
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