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CHAPTER 1

Graph Theory & Optimization

Definition 1.1. An (undirected) graph G is a pair (V, E), V is a non-empty set, F is a set
of unordered pairs of elements from V.

V is called the set of vertices/nodes.

F is the set of edges.

For an edge e = {u,v} € E, u,v € V.

— e is said to be incident to u (or v).
— u&w are said to be adjacent (to each other).

— u (or v) is said to be an end of e.

e Fore=uv € E, ¢ =u'v' € E, e and € are called parallel (edges) if {u,v} = {u/,v'}.
(Strictly speaking, E would be a multiset and/or we would label the two edges differ-
ently.)

Example
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V ={vl,v2,03,v4}, FE = {{vl,v2},{v2,v4}, {vd,v3}, {v3,v1},{v2,v3}}

Definition 1.2. Given a graph G = (V, E), u,v € V, u # v, a uv-path is a sequence of

vertices / nodes wy, wa, ..., wy, where wy = u,wy, = v, and {w;,w;11} € E for all 1 <i < k.

(Strictly speaking, this is a uv-walk, in graph theory parlance.)

Example

In the graph on the top, v1,vs, vs is a vive-path.

Definition 1.3. Given graph G = (V, E), a cycle is a sequence of (with k at least 3) nodes
w1, Wa, ..., Wgt1 = w1, where {w;, w;11} € F for all 1 <i <k, and the nodes wy, wa, ..., wy

are all distinct. (in a simple graph)

Example

Vg, U3, Vg, U2 18 a cycle in the above graph.

Definition 1.4. We say a graph G = (V, F) is connected if for every u,v € V,u # v, there

is a uv-path in G.

Definition 1.5. A graph with edge lengths has a real number [, > 0 associated with each
edge e € F.

Then, the length of a uv-path P : u = wyi,ws,...,wr = v is

k—1
Z(P) = Z l(wi, wi+1).

Note: [(w;, wit1) in short is Ly, w,,,

Definition 1.6. The (shortest path) distance between u and v is denoted by

d(u,v) :=minl(P) P is a uv-path
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Definition 1.7. Suppose there is a distinguished start node s in G. Then d(s,u) is
abbreviated as d(u).

Example

Consider the graph below with edge lengths as shown.

$,U5,04 in an s — vy path with length I(p) =4+ 2 = 6.

However, d(vs) = 4, given by s = v1,v3, v4.

1.1 Shortest Path Problem
Definition 1.8. A directed graph G = (V, E) consists of a set of nodes V, and a set F of
ordered pair uv, where u,v € V.
(In graph theory terminology, directed edges are called arcs.)
Directed Paths (walks) and cycles are defined analogously to the undirected case.

Example

A directed u — v path is a sequence u = wi,ws,...,wr = v where u # v, w; € V, and

w;wi+1 € E is a directed edge.

Edges may have length of (directed) paths are defined analogously, as is the distance d(u) of

a node u from a start vertex s.
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Definition 1.9. Given a directed graph G = (V, F) with edge lengths l.,e € E, I > 0,
and a distinguished start node s, find the (shortest paths and) distance from s to all other

vertices in the graph.

For simplicity, we assume there is a path from s to u for all u € V,u # s.

Example

Consider the directed graph below with edge lengths as shown.

d(s) = 0,d(v2) = 1,d(v3) = 2,d(v4) = 3,d(vs) = 4,d(vs) = 3

1.1.1 Dijkstra’s Algorithm

1. Suppose uv is an edge, P; is a shortest path from s to v. Then I[(P) < I(Py) + lys

2. Suppose P is the shortest path from s to v, and wv is the last edge on P. Then P; is a

shortest path from s to u.

d(v) = U(Py) +ls
——
=d(u)
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Moreover, for every v # s, there is such a shortest path P form s (by assumption), and
therefore a vertex u s.t. d(v) = d(u) + lyy.

0, # pthag!

Idea: Maintain the set A of “explored” vertices, i.e. vertices with known the shortest path

distances from s, and labels.

veV\A(ie,v ¢ A, where d (v) are upper estimates on the distance of v from s)

Algorithm 1: Dijkstra’s Algorithm

Input: Directed graph G = (V, E), start vertex s € V, edge lengths I, > 0 for all e € E
Output: Distances d(v) from s to every v € V
A {s}; d(s) < 0; d(v) < oo for all v € V' \ {s};
while A # V do
d' (v) « min{d'(v), minge 4 wer d () + ly} for all v € V'\ 4;
w ¢ argmin,ey\ 4 d'(v) ; // vertex attaining the minimum
A+ AU{w}; d(w) « d'(w);

Definition 1.10.

(Note: Can pick arbitrary such zg if not unique.)
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Example

For the example above, we can run the Dijkstra’s Algorithm

(a) A<+ {s}, d(s) < 0, d(v) < oo for all v € V'\ {s}
(b) Tteration 1:
e d'(vy) = min{oo, minye A uver d(s) + lsy } = min{co,0+ 1} =1
o d'(v3) = min{oo, minye 4 ywer d(s) + sy} = min{oo, 0+ 2} = 2
o d'(vy4) + 00,d'(vs) + 4,d'(vg) + 00
W 4 v, d(vg) = d'(v2) =1, A+ AU {va}

(c¢) Iteration 2:

e d'(v3) = min{2,0+ 2} =2

min{oo, d(va) + ly,p, } = min{oco,1+4} =5
min{4,0+4,1+3} =4

o d'(vs

(vs)
o d'(vyg)
(vs)
o d'(vg) =

w <+ vs, d(vs) = d'(v3) =2, A+ AU {vs}

1.1.2 Correctness of the Dijkstra’s Algorithm

We would like to show

a) The algorithm terminates

b) The output d(v) is (the shortest path) distance of v from s, for all v € V

Proof

a) The size of A is 1 at the beginning, and it increases by 1 in every iteration, so after
(n — 1) iterations where n = |V|, A =V and the algorithm terminated.
b) We show by infuction that after every iteration, the value d(v),v € A is correct.

Iteration 0: d(s) = 0 is correct. Assume that the statement holds for iteration ¢ > 0.

Iteration ¢ +1: Suppose we add w to A, we will show that d(w)(=

d'(w) after i+1 iterations) is the distance of w from s.

Since (by assumption) there is an s-w path, d’'(w) = d(u) 41y, for some u € A. Suppose
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d(w) = d'(w) = d(u) + Iy is not the shortest path distance. Suppose P’ is a shortest
s —w path [(P") < d(w) = d(u) + lyw.

The path P’ starts in A and ends outside A, so there is a first vertex y on F’ that is
outside A. Suppose z is the vertex on P’ just before y. In iteration ¢ + 1, we have the
estimate d'(y) < d(z) + lzy < (P') < d(w).

This means we would have added y to A instead of w a contradiction.

Therefore, d(w) = d’'(w) is indeed the shortest path distance from s to w.

By induction, the statement holds after every iteration.

1.1.3 Runtime of Dijkstra’s Algorithm

Note

Runtime related notation check here.

It is written in terms of input length; which is the number of bits required to describe the input.
Example

for an integer n > 1 the number of bits required to write it in bits(binary presentation) is

~ logy(n)

Input length for a graph:

Suppose |V| =mn, |E| =m.
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~ logy(n) + logy(m)
+ m(2 - logy(n))
—_————

edges

+ Z 10g2 (le)

ecE

edge lengths

O(m log(n +Zlog )

Runtime:
= 3n (step 1)
+ n iterations
- (O(m) (update estimates) + O(n) (find min))
= O(n? + nm)
= O(n?) (since m < n? for directed graph)
Note

This can be optimized to O(nm)

1.2 Runtime Related Notation

Order notation
Suppose f: Ry =Ry (or f:Zy — Ry)

Definition 1.11. Wessay f:R; — Ry is of order g : Ry — Ry, written as f(n) = O(g(n))

if there exist constants ¢ > 0,ng > 0 such that

f(x) <cg(x) Vo >mng

Example
e n=0(3n),ny=1,c=3
3n=0(n),np=1,¢c=1/3

e f(x)=2x+ 100, f(n) = O(3n)
ng = 100,¢ =1, 2n + 100 < 3n for all n > 100




CHAPTER 1 GRAPH THEORY & OPTIMIZATION

f(z) =2z + 100, g(z) = 2°
Show: f(z) = O(g(x))

e /(n) = O(n) Exercise

In general, for o < 3; o, 8 > 0,
n® = 0(nP)
Example: n?/3 = O(n®/*)

log,(n) = O(n), logs(n) = O(logs(n)), log,, (n) = 1985 (1) for all o, 8>1

~ logg(a)

e 2" = ((3"), but 3" # O(2") Verify

o f(z) =0(1) iff f(z) is bounded by a constant.

The notation generalizes to function of multiple arguments:
Suppose: f:RIR; — Ry,g:RIRy — Ry

Definition 1.12. Wesay f(n,m) = O(g(n, m)) if there exist constants ¢ > 0,n¢ > 0,mg > 0
such that
F(n,m) < cglnm) ¥ > ng,m > mo

Note

An algorithm is efficient if its running time is upper bounded by a polynomial function in

input size.
Reason ‘ Algol ‘ Algo2
Running Time ‘ 4-n ‘ 2"

Let’s consider a computer that does 16 operations per 1 minute
To run Algol within 1 min, the input size n should be at most 4 (since 4 - n < 16).

To run Algo2 within 1 min, the input size n should be at most 4 (since 2" < 16).

Let’s consider a stronger computer with 32 operations per 1 minute
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Now for Algol and Algo2 to run within 1 minutes the input size < 8 and < 5 respectively.

Last time we saw that the running time of Dijkstra’s Algorithm is O( m - n )
~— ~—

# edges # vertices

Using Fibonacci Heaps allows for running time O(m + nlogn)

1.3 Minimum Spanning Tree

I Definition 1.13. A tree is a connected acyclic graph.

Definition 1.14. Given a graph G = (V| E), a spanning tree of G such that F' C E and T

is a tree.

Example

1.3.1 Minimum Cost Spanning Tree Problem (MST)

Definition 1.15. Given a graph G = (V, E) with costs ¢, for each edge e € E, find a
spanning tree T' = (V, F) such that

o(T) = Z Ce

ecF

is minimized.
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Proposition

Fundamental Theorem about Tree (FTT)

Let T = (V, F) be a graph, the following statements are equivalent:

e T is a tree, i.e. T is connected and acyclic.
e T is connected and |F| = |V| — 1.

e T is acyclic and |F| = |V|—1.

Definition 1.16. Given a graph G = (V, E), and S C V, the cut 6(95) is defined as

0(S)y={uweE:ueSve¢S}

Theorem 1.1 Cut property

Let’s assume that all edges costs c,. are distinct. Let S C V be such that S # ) and S # V.
Let e* = argminsc;(g) ¢y be the edge with minimum cost across the cut 6(S5). Then every

minimum cost spanning tree contains the edge e*.

Proof

Let’s prove by contradiction. Assume that there exists a minimum cost spanning tree T =
(V, F) that does not contain the edge e*.

Consider the graph (V, F U {e*}) by FTT the graph has a cycle C.
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Let us show that |C NJ(S)| > 2. Note that |C N J(S)| is even since every time we enter S we
must leave S again. Since e* € C'N4(S), we have |C' N 4(S)| > 2.

So there is an edge ¢/ € C'N4(S) such that e’ # e*.

Consider 77 = (V, FU {e*} \ {¢’}). By FTT, T" is a spanning tree.

(We removed one edge from the cycle and added another edge, the number of edges is still
|[V]| — 1, also T" is connected since all the edges in F'\ {¢'} are in T".)

Then ¢(T) — ¢(T") = cer — cex > 0 since ¢+ is the minimum cost edge across the cut §(S).

Thus, we got a spanning tree 7" with ¢(T") < ¢(T') which is a contradiction.

Theorem 1.2 Cycle Property

Let us assume that all costs ce,e € E are distinct. Let C be a cycle in G and let e =

argmaxysec ¢y. Then NO minimum cost spanning tree contains the edge e.




CHAPTER 1 GRAPH THEORY & OPTIMIZATION 13

1.3.2 Prim’s Algorithm

Algorithm 2: Prim’s Algorithm
T + 0

Select an arbitrary vertex vy € V;

S {vo};

while S # V do
Select edge e = (u,v) with minimum cost such that v € S and v € V' \ S;
T+ TU{e};
S+ SU{v};

return T’

Proof

For simplicity, we assume that all costs are distinct.
Prim’s algorithm at termination guarantees that |T| = V] — 1.

At every point during the algorithm. Every vertex in A is connected to s by using only edges
in T. So T is connected, and |T'| = [V| — 1 implies that 7" is a spanning tree.

By cut property, every edge in T is contained in every minimum cost spanning tree.

Remark 1.1

o If all costs are distinct, Minimum Cost Spanning Tree is unique.

e Using Fibonacci heap, the running time of Prim’s Algorithm is O(m + nlogn).
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1.3.3 Kruskal’s Algorithm

Algorithm 3: Kruskal’s Algorithm

Sort edges such that c(e1) < c(ez) < ... < clem);
T < 0;
fori=1 tom do
if TU{e;} does not contain a cycle then
L | T+ TU{e};

return 77

Lemma 1.1

Given a connected graph G = (V, E) Kruskal’s algorithm correctly compputes a minimum

cost spanning tree of G.

Proof

Clearly, at the end of algorithm, 7" has NO cycles. Let us show that T corresponds to a

connected graph.
Recall that u, v are NOT connected in T'= (V, F) iff 35 C V,v € S,u ¢ S such that §(S) = 0.

For the contradiction, suppose T is not connected. Thus, there is S CV, S # (,S # V but
8(S)NT =10.

Note that G is connected, so §(S) # (). There exists e € §(S) such that e ¢ T.
Since e is not in T" at the end of the algorithm, T'U {e} contains a cycle C.

Since |CNég(S)] is even and |C Ndg(S)| > 1, there is f € T such that f € é7(S5), contradict
to (ST(S) = @

Conclusion: T is a spanning tree.

Let us show that T is a minimum cost spanning tree. (For simplify, we assume all costs are
distinct.)

Let us consider a time point when an edge e = uv is about to be added to T'.

Thus, thereis SCV,ve S, u ¢S, or(S) =0.
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By the order in which Kruskal’s algorithm inspects edges

e=arg min c
g i (f)

By Cut Property, e is contained in every minimum cost spanning tree.

Remark 1.2

Kruskal’s algorithm can be implemented to have running time O(mlogn) using union-find

data structure.

Worst case: O(mlogm) to sort edges + O(ma(n)) for union-find

1.4 Maximum Spanning Clustering

Given a set U of n objects p1,ps,...,p, and a distance between any pair of p; and p;

d(pi,p;) = d(pj,pi) > 0
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Definition 1.17. We partition U into k sets C1,Cs,...,C) called clusters.

k
C1,Cs, ..., C is a k-clustering of U if U C;,=U

=1

Definition 1.18. Maximum Spanning Clustering Problem

Find a k-clustering of U,
First, define the distance between two clusters C; and C; as

min min _ d(p,q
i,je{1,2,...k} peCi,qeC; (p.q)
1#]

A partition of U into k sets Cy,Cs, ..., Ck such that we maximize spanning.

max min min _ d(p,q)
C1,C3,...,.Cr i,5€{1,2,....k} p€Ci,qeCy
i#]

1.4.1 Single Linkage Algorithm

e Step 1: Initially, each object in U forms its own cluster.

e Step 2: While the number of clusters is greater than k, repeatedly merge the two distinct
clusters C' # C’ that minimize

min d .
ein | (r,q)

Lemma 1.2

The Single Linkage Clustering Algorithm correctly computes a maximum-spacing k-clustering.

Proof

Consider the graph G = (V, E) where V = {p1,pa,...,pn} and E is the set of all pairs (u,v)
that are used to merge clusters during Step 2 of the algorithm. Let

A = max d(u,v).
uwwek

Let C1,Cy, ..., Ck be the clustering produced by the algorithm. By construction, if two points
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p and ¢ lie in different clusters, then d(p, q) > \; otherwise, the algorithm would have merged

their clusters earlier. Hence,

i min _ d(p,q) = \.
i.5€{L,....k} PECs, 4EC; (p,q) >

Suppose for the sake of contradiction that this clustering is not optimal. Let C1,C%,...,C),
be an optimal k-clustering. Since the two clusterings are different, there exists an edge uv € E
such that u € C] and v € C} for some i # j.

Therefore,
min min  d(p,q) < d(u,v) <A
i,5€{1,....k} p€C}, q€C} (p q) - ( ) -
i#] ’

Combining the two inequalities, we conclude that the spacing of the algorithm’s clustering is
at least that of the optimal clustering, contradicting the assumption that the algorithm is not

optimal. Hence, the Single Linkage algorithm produces a maximum-spacing k-clustering.

1.4.2 Minimum Cost Arborescence

Let G = (V, E) be a directed graph and let » € V be a distinguished root. An arborescence rooted
at r is a directed graph T = (V, F') such that F' C E and

e For every vertex v € V, there exists a directed path from r to v in 7.

e The underlying undirected graph of T is a spanning tree of G.
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Theorem 1.3

A directed graph T' = (V, F)) is an arborescence rooted at r if and only if

e T contains no directed cycles, and

e cvery vertex v € V' \ {r} has exactly one incoming edge in 7.

Proof

(<) Assume that T has no directed cycles and that every vertex v € V' \ {r} has exactly one
incoming edge. Then the total number of edges in T is |[V| — 1. It suffices to show that there
exists a directed path from r to every vertex v € V.

Fix any v € V \ {r}. Let (v1,v) be the unique incoming edge of v. If v; = r, we are
done. Otherwise, consider the unique incoming edge (v2,v1) of v;. Continuing this process,
either we eventually reach r, in which case a directed path from 7 to v exists, or we revisit
a previously seen vertex, forming a directed cycle. The latter is impossible by assumption.

Hence, a directed path from r to v exists.

Since every vertex is reachable from r, the underlying undirected graph of T is connected.
Together with |V| — 1 edges, it follows that the undirected version of T is a spanning tree.

(=) Suppose that T is an arborescence rooted at r. By definition, there exists a directed
path from 7 to every vertex v € V, so the underlying undirected graph of T is connected and

acyclic.
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Moreover, every vertex v € V' \ {r} must have at least one incoming edge, namely the last
edge on the path from 7 to v. If some vertex had more than one incoming edge, or if r had
an incoming edge, then a directed cycle would be formed. Therefore, each v € V' \ {r} has

exactly one incoming edge, and T" contains no directed cycles.

1.4.3 Minimum Cost Arborescence Problem

Given a directed graph G = (V, E), distinguished node r» € V, and edge costs c.,e € E find on

arborescence (rooted at r) of minimum total cost.

Remark 1.3

e Note that e is a min cost edge in a cut, but e is NOT in any min cost arborescence.

(Cut property does not hold for arborescences)

e Note that ¢ is a max cost edge in a cycle, but g is in every min cost arborescence. (Cycle

property does not hold for arborescences)
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1.4.4 Edmonds’s Algorithm

Algorithm 4: Edmonds / Chu—Liu: Minimum-Cost Arborescence rooted at r
Input: Directed graph G = (V, E), root r, edge costs c(e)
Output: Minimum-cost arborescence rooted at r

Step 1 (pick cheapest incoming edges).
For each v € V'\ {r}, let

fo €arg min c(u,v), Yo = c(fu)-

(u,v)EE

Define reduced costs
c(u,v) :== c(u,v) —y, forall (u,v) € E.

Let Fo:={f, :v e V\{r}}.
If F; has no directed cycle, return Fj (it is an arborescence rooted at r).

Step 2 (contract one directed cycle).

Find a directed cycle C in Fy. Contract C into a supernode ve to obtain Go = (Vio, E¢).

Step 3 (reweight edges that enter the cycle).

For every edge (a — ) € E with a ¢ C and x € C, create an edge (a — v¢) in E¢ with
cost

éla—=ve):=c(a—z)—(fs).

For edges not entering C' (outside—outside, or C—outside), keep reduced cost:

Let the new root be r if r ¢ C, otherwise root is vc.

Step 4 (recurse).

Recursively compute a minimum-cost arborescence T¢ in G¢ w.r.t. costs c.

Step 5 (expand).
If T contains an entering edge (a — v¢), it corresponds to some original (a — ) with
x € C. Expand v¢ back to C by:
e include all cycle edges {f, : v € C},

e replace the single edge f, (the one entering  on the cycle) by (a — z),
e keep all other edges from T¢ (mapped back to original edges).

Return the expanded arborescence T'.
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Example
Define

Yp = min c(u,v) Yo e V\{r}

(u,v)EE
and
fo=arg min c(u,v) Yo eV \{r}
(u,v)EE

Consider

d(u,v) = c(u,v) —y, VY(u,v) €FE
Then

e For every (u,v) € E, we have ¢/(u,v) >0

e For every arborescence F rooted at r, we have

(F)=d(F)+ D w

veV\{r}
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o If U,cv\{r} fo is an arborescence F' rooted at 7, then F' is a min cost arborescence rooted

at r. w.r.t. ¢; so it is also min cost arborescence rooted at r w.r.t. c.

22



CHAPTER 2

Matroids

Definition 2.1. A matroid is a tuple M = (U, I) where U is a ground set, and I C 2Y is

a collection of subsets of U such that:

e U is finite
e If Ac T and B C A, then B € I (hereditary property)

o If A/B eI and |A| > |B|, then there exists e € A\B such that BU {e} € I (exchange
property)

Example
U= {1’253}’ I= {@, {1}7 {2}a {152}}

A={2,3},B={1},|A| =2 >1=|Bj|, thereis e =2 € A\ B such that BU{2} € I.

Definition 2.2. A basis of M = (U, I) is a (inclusion-wise) maximal indecent set, i.e., it is
a set A € I such that for every e € U\ A, we have AU {e} ¢ I.

Definition 2.3.

1. Uniform Matroid Consider finite set U and a positive integer k; define a matroid M
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on the ground set U with independent sets

I={ACU:|A <k}

Check by matroid definition 2.1 for three properties.

(a) Trivial.
(b) If A€ I and B C A, then |B| < |A] and |A] <k so |B| < k and thus B € I.
(c) If A, B € I and |A| > |B|, then

k>|Al > [B[+1
and there exists e € A\B then |[BU{e}| < |B|+1<kso BU{e}el.

2. Partition Matroid Consider a finite set U and its partition into Sy,...,S;, U =
S1U---US; and positive integers k1, ..., k;. Define a matroid M on the ground set U

with independent sets

I={ACU:|ANS;)| <k;,Vi=1,...,t}

Check by matroid definition 2.1 for three properties.

(a) Trivial.
(b) If A€ I and B C A, then for every i = 1,...,t, we have

IBNS;| <|AN S| <k

soBel.
(c) If A,B €I and |A| > |B], then for every i = 1,...,t

|IBNS;| <k; and 3j=1,...,tsuchthat [BNS;|+1<[ANS,;| <k,
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so, there is e € S such that e € A\B
Let B’ = B U {e}, then

e Foreveryi=1,...,t and ¢ # j, we have
|B'NS;| =|BNS;| <k
e For ¢ = j, we have
|IB'NS;|=|BNS;|+1<k;
So B'=BU{e} el

3. Linear Matroid Consider a finite collection U of vector in R, define a matroid M on
the ground set U’ with independent sets

I ={ACU: Ais linearly independent}

Check properties (exercise)!

4. Graphic Matroid Consider a finite undirected graph G = (V, E), define a matroid M
on the ground set E with independent sets

I={ACE:Aisacyclic}

Check properties:

(a) Trivial.
(b) Trivial.
(c) If A,B €I and |A| > | B, then
e (V, A) has |V| — | A| connected components.
e (V,B) has |V| — | B| connected components.
But |V| — |A] < |[V| =B, so (V, A) has less connected components than (V| B).
Thus, there exists one connected component of G4 that intersects of least two

connected components of Gg.
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So there is an edge e € A that connect two connected components of G g, and so
B U {e} is acyclic.

Remark 2.1

Given a matroid, all bases m it has the same cardinality (follows from exchange property)

Remark 2.2

Spanning tree in a connected graph G are the bases of the graphic matroid defined on G.

2.1 Max Weight Independent Set Problem in Matroids (MWIS)

Definition 2.4. Given a matroid M = (U,I) and weights we,e € U find a max weight
independent set i.e. find A € I and

w(d) =D we=max > w.
ecA e€EB
Remark 2.3
To find a maximum weight bases we can solve MWIS with weights v/ := w, + M,e € U for

a sufficiently large M.

Indeed, for every independent set A we have w'(A) = |A]- M 43 . 4, we so the independent

set with maximum weight
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(To find a minimum weight bases we can solve MWIS with weights w/, := M — w,,e € U for

a sufficiently large M)

Assumption: All weights are non-negative, i.e. w, > 0 for every e € U.
Note that we can remove negative elements; i.e., consider
Uso={eecU,w. >0}

IZQZ {AEI,AQ Uzo}

Leads to another matroid Mo = (Uso, I>0).

So solving MWIS on M = (U, I) is the same as solving MWIS on Mg = (Usg, I>0).

Remark 2.4

Note that there is an optimal solution A for MWIS on M>q = (Uso, I>0) that is a basis for
M>g

2.1.1 Greedy Algorithm for MWIS

Greedy Algorithm (Assumption w, > 0 for every e € U):

1. Sort elements in U as e, ez, ...,e, s0 that we, > we, > ... > we,
Set A=0 and i = 1.
2. While s <n: If AU{e;} € I, then A< AU {e;}. i i+ 1.

Theorem 2.1

Given we > 0 for e € U, Greedy Algorithm correctly computes MWIS.

Proof

Proof by contradiction, assume that A was output by Greedy Algorithm, and A* is a MWIS
such that w(A) < w(A*). We can assume that both A and A* are bases (by the previous
remark 2.4).

So,
A={ay,a9,...,ar} A*={ai,al,...,a}}
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where

AO:®7 .7>17 Aj:{al7a27"'7aj}

Similarly, define
Ay =0; j=1, Aj={al,a3... a5}

Consider the minimum j = 1,2,...,k such that w(A4;-1) > w(Aj_;) but w(A4;) < w(4j).

Consider A;_ and Aj. We have |A}| > [A;_1], so by exchange property there is e € A7\ A;_1
such that A;_; U{e} € I.

Note that

We Z Wa*
since wg; = minfeA;s wy and e € A;‘.
Also,

wa; > Wa,

since w(A;-1) = w(Aj_;) but w(A;j_1) + wa; <w(A]_;) + wa:.

We have w, > War > Wq, and A;j_; U{e} € I, contradiction, e ¢ A;_1.

2.2 Matroid Intersection Problem

Giving two matroids My = (U1, 1) and My = (Us, I»), find a maximum weight set that is inde-
pendent in both matroids, i.e. find

A
g oy, ()
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2.2.1 Maximum Weight Bipartite Matching

Given a bipartite graph G = (V, E) with bipartition V = W U U and edge weights w, for e € E,

find a maximum weight bipartite matching if

VueU [d(u)ynM|<1
YweW [d(w)ynM|<1

Define Uy = U = F,
L={ACEVuel,|é(u)nAl <1}

I ={ACEYweW|j(w)NnAl <1}

Then the maximum weight matching problem can be solved as a matroid intersection problem
on M1 = (Ulall) and MQ = (UQ,IQ).

2.2.2 Minimum Weight Common Basis

Given two matroids My = (Uy, 1) and My = (Us, I5) weight w, for e € Uy U Us, find a minimum
weight A that is a basis in both M; and Ms. i.e. find

arg min w(A), where By, Bs are the set of bases of My, My
AeB1NB;3

2.2.3 Minimum Cost Arborescence Problem

Given a directed graph G = (V, E) and a distinguished node r € V, edge weights w, for e € E,

find a minimum weight arborescence F' rooted at r.
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Let U1 = U2 = E,
Define My = (U1, I1) as the graphic matroid on the “undirected version” of G.
Define b ={ACE: [§(v)NA|<1,YveV\{r}, [§m(r)nA <0}

So Minimum Cost Arborescence can be solved as Minimum Weight Common Basis problem.

2.2.4 Minimum Steiner Tree Problem

Definition 2.5.

Given a graph G = (V| E), costs ce,e € E with ¢, > 0, and a set T C V called terminals.

Find a tree F' of minimum cost ¢(F) = Y __p ce that connects all the terminals 7T'.

ecF
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Useful transformation
Given a graph G = (V, E), construct a complete graph G’ = (V, E’) with costs

¢, = length of the shortest path in G with respect to ¢ between u and v.

In G’ with cost ¢,,e € E’, we have A-inequalities: For every u,v,w € V, ¢, < ¢y + Ch-

Lemma 2.1
(a) Given a Steiner tree F in G = (V, E') with terminals T, we have that F is also a Steiner
tree in G’ = (V, E’) with terminals T
Moreover,

d(F) < c(F).

(b) Given a Steiner Tree F’ in G’ = (V, E’) with terminals 7', there is a Steiner tree F” in
G = (V, E) with terminals 7T

Moreover,

c(F") < (F).
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Proof

(a) F connects all terminals in 7" in G’. For every edge e = (u,v) € F, we have ¢, < cyy.

Thus,
d(F)= Zc’e < 205 =c(F).

ecF ecF

(b) Counsider Uyyepr Py, where P, is the shortest u-v path in G with respect to c.,e € E.
So, ¢, = ZeePM Ce.
Thus,
(Unver Pu) < Y o(Puy) = Y ¢y = ¢ (F).

uveF’! uveF’
Note that Uy,epr Py connects all the terminals in 7T'.

Select F" from Uy, ¢ Py, by considering edge by edge, and removing edges contained
in a cycle.

This way we get a tree I connecting all the terminals in T and

c(F") < d(F).

O
Algorithm Solve MST on the graph G'[T] = (T, E'[T]) with respect to costs c,,e € E'[T].

Obtain MST F’. Obtain F” from F’ as in Lemma (b) output F”.

Remark 2.5

Clearly, this algorithm outputs F” with cost < MST(G',¢',T)
(Minimum cost of spanning tree in G'[T] with respect to ¢)



CHAPTER 2 MATROIDS 33

There are instances where

2-OPT(G,c,T) =~ MST(G',¢',T) = ¢(F")

OPT(G,c,T)=(14¢€)-n, |T|=mn,e>0 small

c(F")=MST(G,d,T)
=2n—-2

Note
MST(G,d,T) 2n — 2 2

OPT(G,e,T)  (Iteon 1+e

Algorithm for Steiner Tree Problem

1. Compute M ST in G'[T] = (T, E'[T]) with respect to c,,e € E'[T]. Obtain MST F’ (A

Steiner tree in G’ with cost ¢’).
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2. Obtain a Steiner tree F” in G from F’ with cost ¢(F") < ¢/(F'). (By Lemma 2.1 (b)) output
F".

Recall

There are instances where
o(F"Y=MST(G',d,T)~2-OPT(G,c,T)

e ¢(F") cost of output for the above algorithm.
o MST(G',c,T) cost of MST in G'[T] with respect to ¢’.

e OPT(G,¢,T) min cost of a Steiner tree in G w.r.t. ¢ and terminals 7.

Lemma 2.2

MST(G',d,T) <2-OPT(G,c,T).

Remark 2.6

OPT(G,e,T) =OPT(G',,T), so it is enough to show
MST(G',d,T)<2-OPT(G',c,T)

Proof

Consider a minimum cost Steiner tree F' in G’ w.r.t. ¢/ and terminals T

So, ¢(F) = OPT(G',d,T).

We can construct a spanning tree H in the graph G’[T] such that

J(H) <2-C(F)

So MST(G',c,T) <2-(F)
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Consider a close walk Z that traverses each edge in F' exactly twice,

Zzul,u2,...,uk,uk+1 = U1

Consider the subsequence of Z that only contains vertices in T,

Z:uil,uiz,...,ui‘Tl

Where u;, is the first terminal visited in Z and wu; is the first terminal used after u;,_, that
has NOT been visited defined.

Consider the path H (spanning tree in G'[T]) corresponding to Z.

|T|-1 k
dH)={d(Z) = Z  (ui;, uiy ) Zc’ uj,ujr1) = (Z)=2-(F)
j=1 j=1
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Definition 2.6. An a-approximation algorithm, o > 1, for a minimization problem is
an efficient algorithm such that for every input instance the algorithm returns a solution if

cost at most « optimal cost.

Remark 2.7

Algorithm for Steiner tree problem is a 2-approximation algorithm for the Minimum Cost

Steiner Tree problem.

36
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Linear Programming

Note that Minimum Cost Steiner Tree problem (instance (G, ¢, T')) can be formulated as an integer

problem.

min g CeTe

eckE
s.t.

Z Te>1LVSCV,SNT #0,T\ S #0
e€d(S)

xZO,xGZE

Note that we can also add constraints to the above IP without changing feasible solution

> 2. >0VSCV,SNT=0orTCS
e€d(S)

Network connectivity problems usually can be formulated using out requirement functions f :
2V — {0, 1}, where we want to find a set of edges F such that |6(S) N F| > f(S) for every S C V.
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min E Cele

ecE

s.t.

D @ = f(S),¥SCV
e€d(S)

>0,z €Z

Simplified IP to

min E Cee

eckE
s.t.

Z ze > 1 for every S € D
e€d(S)
r>0,x €Z
Here D = {S CV : f(S) = 1} is the set of demand cuts.

For example in Minimum Cost Steiner Tree

1 SNT#O,T\S#0

f:2V = {0,1}, £(9) =
0 otherwise
For every S € 2V
Definition 3.1. A cut requirement function

f:2¥ = 40,1}

is called proper if

(i) f(V)=0and f(0) = 0.

(i) f(S)= f(V\S) for every S C V.
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(iii) For every A C V,B C V such that AN B =0, if f(AU B) = 1, then f(A) =1 or
f(B) = 1. (Not exclusive it is possible that f(A) =1 and f(B) =1)

Note that cut requirement function for Minimum Cost Steiner Tree is proper.

3.1 Minimum Cost Generalized Steiner Tree Problem

Given a graph G = (V, E), cost ¢ > 0,e € E, and k pairs (s;,¢;),i = 1,2,...,k, s;,t; €V, s; # t;,
find a set of edges F' C E such that s; and ¢; are connected in (V, F) for every i = 1,2,... k and

such that ¢(F) = ) . p ce is minimum.
The corresponding cut requirement function is
f:2V = {0,1}, forevery SCV

1 if |SN{s;,t;}| =1 for somei=1,2,...,k
f(5) =

0 otherwise

Check that f: 2" — {0, 1} is proper.

(i) f(V)=0and f(0) =0 is trivial.
(ii) f(S) = f(V'\S) for every S C V is trivial.

(iii) Consider A, B CV,ANB =0 and f(AU B) = 1. Then for some i = 1,2,...,k, [[AUB)N
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{si,t;}] = 1. WLOG, (AU B) N {s;,t;} = {si}, then s, € Aors; € B. So f(4) =1 or

F(B)=1.

LP relaxation for Network Design IP

min E Cele

ecE
s.t.

Z ze > 1 for every S € D
e€é(S)

x>0
(Primal LP)
max Z 1-yg
s.t. Z ys < ¢, Ve e E
SeD:ecs(S)
ys > 0,vS €D

(Dual LP)

Out plan find z* € {0,1}¥ feasible for primal LP and y* feasible for dual LP such that

Zcexz <2 Zyg

e€E seD
—— ——
value for z* value for y*

So we would get

Z Cel': < 2- OPTprimal IP
eckE
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3.2 Network Design Framework

Definition 3.2. Given a graph G = (V, E), edge costs ¢. > 0 for e € E, and a cut
requirement function f: 2" — {0,1}, find a set of edges F' minimizing ¢(F) =3 . ¢ such
that for every S C V,

[F06(9)] = f(9)

D={SCV:f(S) =1}

Consider LP relaxation for the problem and its dual:

min E CeTe

eclE

st. > x>1 VSeED
e€d(S)

z, >0

max Zl‘ys

SeD

s.t. Z ys <c. VeeFE
SeD:e€s(S)

ys >0

We assume that the function f is proper.

Plan is to find a feasible set F' and a dual feasible solution y* such that

o(F) <2 s

SeD
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leading two a 2-approximation algorithm.
Proposition

F C F is feasible for the network design problem if and only if for every connected component
C of (V,F), we have f(C) =0.

Proof

(=) For the sake of contradiction, assume F is feasible but for some of the connected com-
ponents C' we have f(C) = 1. Then

IFN8(C) =0<1=f(C)

So F' is not feasible, which is a contradiction.

(<) For the sake of contradiction, assume f(C') = 0 for each connected component C of
(V,F) but F is NOT feasible. So there is C* C V such that

1= f(C*) > [FN§(C*)| =0

Then C* = U¥_, C; where C;’s are connected components of (V, F).
By (iii) of the definition of proper function, f(C;) =1 for some i € I.

This is a contradiction.
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3.2.1 Primal-Dual Algorithm

Step 1: F« (), ys < 0 for all S € D.

Step 2: Let @ be the set of connected components C' of (V, F') such that f(C) = 1.
If ® =0, go to Step 3.
Otherwise, increase yg for all S € ® uniformly until some edge e becomes tight,

Update F < F U {e} and go to Step 2.

Step 3: Reverse delete edges in F in the order they were added. F' = {e¢, e;—1,...,e1} where e,
is the last edge added. For i =+¢,t—1,...,1,if F'\ {e;} is feasible, update F' < F'\ {e;}.

Return F.

Example
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