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Introduction

e Symbolic: V2

— correctness

— efficiency
e Numeric: 1.41421356

— correctness
— efficiency
— stability

— conditioning

Office: MC 6431

Desire of Algorithms:

e Accuracy: produce result that is numerical very close to true value
e Efficiency: quickly solve the problem with reasonable computational resources

e Robustness: algorithm should work well for variety of inputs

Problem Conditioning:

e Maybe sensitive to small changes in input

e Can we get a good solution numerically in such cases?
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Algorithm Stability:

e Some may work for all inputs, but produce large numerical errors for some inputs
e Some will only work for some inputs, but produce small numerical errors for those inputs

e How/Why to choose one over the other?
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Errors and Error Propagation

2.1 Source of Error:

e Error in input

— measurement error: Az = |x — Z|, x is true value, & is measured value
e.g., 22 —0.999 may given as 2% — 1

— rounding error: Cause by a difference between the exact value  and the computational
or floating point representation & = fI(x)
e.g. Let z = 0.003456978, as input for a 4-digit floating point system, we have & =
fl(z) = 0.3457 x 1072
Error: |z — &| = 0.000000022

e Error as a result of algorithm

— truncation error
e.g. Yo, a;z" approximated by Y7 | a;z
Error: |77 1 a;x’|

— rounding error in elementary step of algorithm

Example

Is calculus (v/3)? = 3. Do we have precisely (v/3)? = 3 with computer arithmetic too?

No, not in general. In real-number arithmetic, (v/3)? = 3 exactly. However, in computer
arithmetic, the v/3 cannot be represented exactly, because it has an infinite binary expansion.
When this approximation is squared, the result is very close to 3, but it generally not exactly

equal to 3 due to rounding errors.
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Example

Try addition of a = 2.0126 x 10* and b = 5.6271 x 10° in a 4-digit-precision computer.

Normalize and round:

a=0.20126 x 10° = 0.2013 x 10° b = 0.56271 x 10° = 0.5627 x 10°
Alisgn exponents: 0.2013 x 105> = 0.02013 x 10° = 0.0201 x 106
Addition: (0.0201 + 0.5627) x 10° = 0.5828 x 10°

Definition 2.1.

Absolute error: |& — x|, where & is an approximation of
|&—=|
lz]

Relative error: assuming x # 0

Example

Determine the absolute and relative error in the following cases:

e p=0.30012 x 10%, p* = 0.30200 x 10*

Eaps = |p* — p| = ]0.30200 x 10" —0.30012 x 10| = 0.0188

Ip* —p| _ 0.00188 x 10*
Ip|  0.30012 x 10!

B = ~6.27 x 1073

e p=0.30012 x 10~2,p* = 0.30200 x 102

Eaps = [p* — p| = 0.30200 x 1072 — 0.30012 x 107%| = 1.88 x 107°

_|p*—p| 000188 x 102

Erel = = ~6.27x 1073
T T 0.30012 x 102 .

Conclusion: Absolute error alone can be misleading when comparing quantities of differ-
ent scales. Relative error gives a meaningful measure of accuracy independent of units or
magnitude.
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Example

Evaluate f(z) = 2® — 6.122 + 3.20 + 1.5 at = 4.71 using three-digit arithmetic. Can you
introduce an alternative approach to decrease the round-off error?

Direct evaluation:

22 =4.71 x 4.71 = 22.1841 ~ 22.2
23 =22.2 x 4.71 = 104.562 ~ 105
6.122 = 6.1 x 22.2 = 135.42 ~ 135
3.2z = 3.2 x4.71 = 15.072 =~ 15.1
f(4.71) =105 — 1354+ 15.1 + 1.5 = —13.4
exact f(4.71) ~ —14.263899

|~ 14.263809 +13.4] _ o
| —14.263899]

Erel =

Alternative approach: Horner’s method

f(z)=((x —6.1)z+3.2)x+ 1.5
r—6.1=4.71-6.1=-1.39
(—1.39) x 4.71 = —6.5469 ~ —6.55
—6.55+3.2=-3.35
(—3.35) x 4.71 = —15.7785 ~ —15.8
—15.8+1.5=—-14.3

| —14.263899 + 14.3|

E =
rel | — 14.263899)

~ 0.0025

Truncation Error: Taylor series

The Taylor series of a real or complex-valued function f(z) that is infinitely differentiable at a

real or complex number a is the power series.

f'(a)
1!

"(a > (n)a
(x—a)—|—f2(! )(x—a)2+-~~zzf n!( )(x—a)"

n=0

Consider the finite sum (the n-th degree Taylor polynomial of f centered at a):

" k) (g
Pn(x)zzf ( )(gc—a)k

!
= K
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and this is called the nth Taylor polynomial

The truncation error is defined as

FUrtD (n(@))

Bn () = (n+1)!

(x —a)" !

and is called the Truncation Error associated with p,,(x), where &,(z) is some number between

a and x.
f(z) = Pp(2) + Rn(2)
Example

What is the largest error which might result from using the first three terms of the series to

approximate f(x) = cos(z) at a =0, if z € [—7, 7].

FU (En(x))

Fnle) = q oy @™
For n = 3, we have
) z coS x
Rs(x) = W(x_of (i?'»( ) 4 ()
Lo 4
=g @)

Example

Find the smallest value of n for which the n'" degree Taylor series for f(z) = €2* at a = 0

approximates % on the interval 0 < z < 1 with an error no greater than 1076.

2n+1 626" (z) it

FO Eu() .
(n+1)!

|Rn(x)| = (’I’l+ 1>| (LE - a)nJrl

For 0 < x < 1, the maximum value of €%~(*) is e and the maximum value of 2! is 1. Thus,

n+1,2
27T g

|Rn(z)] < CES

Using trial and error, we find that n = 13 satisfies the inequality.
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Definition 2.2. Catastrophic Cancellation

The cancellation of the significant digits makes the unknown rounded-off digits relevant to
the final result. We get a lousy final approximation because we don’t know the lost digits.

For this reason the cancellation of significant digits is called Catastrophic Cancellation.
Solution: Using the another approach (rewriting the function to avoid subtraction of)

All the terms in the alternative method are positive, so there can be no cancellation of
information.
Example

Applying Taylor series to f(z) = e* at a = 0, gives

0 0 $2 :EB

e _ 0 % e T oL
e’ =e +1!x+2!x+ —1+x—|—2!+3!+
Plugging in = —5.5, and using 5 digits of accuracy, we have

™% 2 0.0026363

The actual value is e %% &~ 0.0040868, there is a huge error.

Another approximation is given by

1
ar:z z2 3
e 1o+ L +L

With 5 digits of accuracy, we now get e > ~ 0.0040865, which is much more accurate.

2.2 Floating Point Numbers and Operations

Represent real numbers on a computer

e Infinite in extent: there exists z such that |z| is arbitrarily large.

e Infinite in density: Any interval (a,b) contains infinitely many numbers.

On a computer, only a finite number of digits can be stored before and after the decimal
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Solution: Choices fixed point and floating point representation

e A fixed point number system is characterized by 3 values

— b, base

— I, number of digits for integer part

— F, number of digits for fractional part

e Numbers are of the form +iqiy...%7.f1f2..

. fr where i, fr € {0,1,...,0— 1}

Definition 2.3. Floating point representation

e Base: base of the number system, b;.

e The mantissa: contains the normalized value of the number, m; .

e Exponent: which defines the offset from normalization, ej.

Fb=bs,m=my,e=es] =+0.2122...2

+Ty1yz2...y
m X b °f

where 1 <z <b—1land 0<z; <b—1fori=2,3,...,m.

Compare fixed point and floating point representation

Fixed Point

Floating Point

Values are evenly spaced

Values are not evenly spaced, smaller

values are closer together

Really small or really large values can-

not be represented

Greater range of values can be repre-

sented (large and small)

To represent a real number, choose

the “closest” computer value (round or

chop)

Again, rounding or chopping is required
when choosing a representation of a

value

Example

Consider a fictitious computer with a floating point number system with parameters b = 3,
m =4, and e = 2. i.e. F[3,4,2]. Represent = 0.0011220212 in this system.

#=0.1122021 x 372
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Since m = 4: fl(z) =& = 0.1122 x 372

Example

Consider a binary computer with a floating point number system F[b = 2,m = 5,e = 3],

represent x = 11010.101 in this system.
# =0.11010101 x 2°
m =75, fl(z) =2 = 0.11010 x 2°,(5)y = (101)s

fl(z) = & = 0.11010 x 2101

2.3 Standard floating point system

Definition 2.4. Single Precision: This is one of the standard floating point number

system, where numbers are represented on a computer in a 32-bit memory (4 bytes).

Smy blbg e b23, Se,€1€2 ... €67

where s, and s, are sign bits (0 for positive, 1 for negative).

(—1)Sm X (0.b1b2 Ce b23) X 2iexp0nent7 bhp=1

Example

What’s the largest number that can be represented in single precision?

(- 11...1 (=D 11...1

positive 23 bits(mantissa) positive 7 bits(exponent)
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Mantissa part:

(0.11... 1)y =1 x 27+ (1 x272) +--- 4+ (1 x27%)

23 bits
_1 12 123
=S+ G+ ()
1 1 1
= (14+=4+...4(2)22
2<+2+ +(2)>
_]-(22(1)1
2\&02
(A
Y 1
2 —3
=1-2"%

Exponent part:
(11...1)=2"—1=127
—_—
7 bits

Therefore, the largest number in single precision is:

=1x (1-27%) %27
~ 2127

~ 1.7 x 1038

Example

What’s the smallest positive number that can be represented in single precision?

(-1 00...1 [ (=D'| 11...1

positive 23 bits(mantissa) negative 7 bits(exponent)

Mantissa part:
_ 5—23
(0.00...1)2 =2
23 bits

Exponent part:
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Therefore, the smallest positive number in single precision is:

—1x 2—23 X 2—127

_ 9150

~ 7.0 x 10746

Definition 2.5. Double Precision:

Sm,bl ...b52786,€1 ...€10

Note:

e The largest number in double precision is approximately 9 x 10307

e The smallest positive number in double precision is approximately 2.5 x 107324

Example

Consider the floating point number system F[10,3,2], corresponding to base 10. Non-zero
numbers have the form +0.d;dyds x 107°1¢2 | where d; # 0.

Q: What is the largest and smallest positive numbers that can be stored in F'.

The largest positive number: 0.999 x 10%°
The smallest positive number: 0.100 x 10799

Q: How many non-zero numbers(positive and negative) can be stored in F'.
dy has 9 possible choices (1-9)

da, ds have 10 possible choices (0-9)

In total for mantissa: 9 x 102 = 900

In total for exponent: 99 4+ 99 + 1 = 199 (including 0)

Therefore, total non-zero numbers in F is: 2 x 900 x 199 = 358200

11
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Definition 2.6. Decimal Machine Numbers

Normalized decimal floating-point form is:

20.didy ... dp x 10",1<d; <9,0<d; <9,i=2,3,....k

Any positive real number can be normalized to the form:
Yy = 0.d1d2 v dkdk+1 <o x 107
The floating point form of y, fI(y), is obtained by terminating the mantissa of y at k decimal
digits
There are two ways to termination:

e chopping: just simply chop off the digits dpt+1dgy2a ...
e rounding: when diy1 > 5, increase dji by 1; otherwise, just chop off the digits

Definition 2.7.

The machine epsilon, e,,qch, is the smallest number € > 0 such that fI(1+¢€) > 1.

Proposition
The machine epsilon is given by:

1. emach = b= if chopping is used

2. emach = %bl_m if rounding is used

Proof

Consider a normalized floating point system with chopping

1=0.100...0 xb*
N—_——

m digits

1+e=0.100...1 xb*
N—_——

m digits
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Subtracting the two, we get:

€=(0.100...1—0.100...0) x b*

=(0.000...1) x b*
_ bl—m

Theorem 2.1

For any floating point system F', under chopping

— fl
‘696' = a f (I) < €mach
X

Therefore,

e under single precision: |5, | < 0.24 x 1076
e under double precision: |§,| < 0.44 x 1071°

Note: Since §, = %l(z), we may also write fl(z) = z(1 + 6,), with |0z] < €mach-

Hence, we often write:

Proof

xTr = 0.d1d2 [N dmdm+1dm+2 .

Under chopping, fi(z) = 0.d1dz...dpn,
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z  0.dids...dpdmiidmes ...
000 Oy 1dyns - -
= 0.1
< L
1
_ blfm
= €mach

Definition 2.8. The symbol @ is used in define floating point addition, defined as:

a®b=fl(fl(a)+ fU(b))

Proposition

For any floating point number system F,

a®b= fl(fli(a) + f1(b)) = (fl(a) + f1B)) (L +n); [n] < emach

This may also be written as:

a® b = (a’(l + 5(1) + b(l + 61)))(1 + 77)7 |§a‘a ‘§b|a |”7| S €mach

In general the operation of addition under F' is not associative, i.e.
(a®b)Dc#ad (bDe)

Example

Suppose that # = 2 and y = £. Use five-digit chopping to compute x + y.

14
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fl(x) = 0.71428 x 10°

j =

g = fl(y) = 0.33333 x 10°
= fl(& + ) = f1(0.71428 + 0.33333)
= f1(1.04761) = 0.10476 x 10

True value: z +y = %
22 _1.0476
B ="2——— ~18x107°
21

2.4 Condition Number

Definition 2.9.

e A problem is well-conditioned with respect to the absolute error if small changes in
the input, result in small changes in the output.
e A problem is ill-conditioned with respect to the absolute error if small changes in the

input, result in large changes in the output.

Input I, I + AI, where |AlI| is a small change output O, O + AO, for some AO.

Definition 2.10. Condition Number

e Condition number with respect to the absolute error is defined as: k4 = HQ;H, and it

is called the absolute condition number, where Az is change in the input and Az
is change in the output.
e Condition number with respect to the relative error is defined as:

_ [/l _ [[Az]] - [l
|Az|/lll {121l [|Ax]]

and it called the relative condition number.
e For 0.1 < ka,kg < 10, problem is well-conditioned and for k4, xr — oo problem is

ill-conditioned.
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2.5 Vector Norm

Definition 2.11. Suppose V is a vector space over R", Then || -|| is a vector norm on V if
and only if ||7]] > 0, and

e ||7]| = 0 if and only if 7 =0
o ||ad|| = |af - ||7]| for any scalar o € R, and vector ¢ € V

o ||U+ || < ||9]] + ||0]| for any vectors ¥, € V (Triangle Inequality)

Definition 2.12. The 2-norm over R"” is defined as:

1alloe = max fo

Definition 2.14. The 1-norm over R" is defined as:

n
121 = Jail
i=1

‘ Definition 2.13. The oco-norm over R"” is defined as:

Theorem 2.2

Cauchy-Schwarz Inequality:

For any vectors 4, v € R™,
|- g < [|a]] - [|7]]
Example

Consider a problem y = 1*—. Is this a well conditioned problem?

z°

Case 1: z close to 1
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Let 2 = 0.93, then y = 293 — 13.285714 perturb the input slightly: # = 0.94, So Az = 0.01
1-0.93

Relative error = |ﬁT‘ = % ~ 0.01075 New output: y = % = 15.66667 Relative error =

1Ayl _ 2.380956
l[y] — 13.285714 ~ 0.1792

Condition number:
0.1792

0.01075 6.67

KR

Thus, a small change in input results in a large change in output, so the problem is ill-

conditioned.

Case 2: x away from 1

Let z = 5, and perturb it to £ = 5.06, so Az = 0.06

y = % =—1.25 and § = 13-50%6 ~ —1.246305

.06

. - —1.246305+1.25
Relative error in input: 2 = [=1.246805+1.25] 5 03

= 0.012 Relative error in output: —1.25]

Condition number: 0.003

Thus, a small change in input results in a small change in output, so the problem is well-
conditioned.

Note

Conditioning is a property of the problem, not of the algorithm or its implemntation.

2.6 Stability of algorithms

Definition 2.15.

If any initial error in the data is magnified by an algorithm, the algorithm is considered

numerically unstable.
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Can lead to meanings results, for seemingly reasonable methods on reasonable problems.

Small changes in the initial data, produce small changes in the final result. An algorithm that
satisfy this property is called Stable.

Definition 2.16. Stability of a Numerical Algorithm

If Fy > 0 denotes an error introduced at some steps in the calculations and En represents the
magnitude of error after n subsequent operations:

o If E, =~ C,,Fy (C is a constant) then the growth of error is linear.

o If F,, = C"Ey for C' > 1, then the growth of error is called exponential.

Therefore, algorithm with linear growth of error is stable whereas an algorithm exhibiting
exponential error growth is unstable.

Example

Consider the integration problem

1 n
x
I, = dx
0 T+«
for a given n where « is some fixed constant.

A recursive algorithm to solve it, for n > 0:

1 1
Iy=log—% I,=2_al,
[0

This is a well-conditioned problem.

Let (I,)g be the exact value of I,,.
Let (I,)a be the approximated value of I,.

€o is the difference between the exact and approximated value of Iy and the approximated

value of Ij:
€0 = (In)a — (Io)e

So, € is the initial error in the data.
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Then we want to analyze how ¢y propagates to ¢,.

€En = (In)A - (In)E

— <% - a(In—l)A) - (% - a(In—l)E>

(l _ l) —a((In-1)a — (In-1)E)

n n

= —Q€p—1

—a(—a-e)

= (—a)"¢

If |a| > 1, it grows fast, so the algorithm is unstable.

If |a| < 1, the error decreases, so the algorithm is stable.

Hence, that recurrence algorithm is unstable for solving

1 n
I, :/ Y _dr when la| > 1.
0o T+«

T1go = 6.64 % 1073 for & = 0.5
Ti0o = 2.1 x 10?2 for e = 2.0

Example

For any constants ¢; and c¢3, p, = cl(%)" 4+ 23" is a solution to the recursive equation:

10

pn:?pn—l_pn—% n=23,...

Investigate the stability of this procedure if pg =1 and p; = %

Given initial values allow us to uniquely determine ¢; = 1, ¢ = 0 by solving the system of
equations:
po=c1+tca=1

_lc —1—30—1
p1—31 2—3

19
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e Fisnot R

e We can use round-off error analysis to roughly bound the errors incurred by floating point

operations.

e We can analyze whether errors accumulate or shrink to determine the stability of algorithms.
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Root Finding

Question: Why do we need numerical methods for root finding?

Suppose N (t) denotes the number in the population at time ¢, and A\ denotes the constant birth
rate of the population.

Then the population satisfies the differential equation
dN
— = AN(t
o (t)

with the solution

where Ny is the initial population at time ¢ = 0.

Now if immigration is permitted at a constant rate v, then:

dN
— = AN(¢
o (t)+v

with N(t) = Noe* + ¥ (e — 1) as its solution.

After one year:

N() = Noe* + %(eA —1

To find A, we must solve this question for \. However, it is impossible to solve explicitly for A

in this question.
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However, numerical methods can approximate solutions of equations of this type with arbitrary

accuracy.

3.1 General Root-Finding Problem

Given any function f(z), find «* such that f(z*) = 0. z* is called a root of the equation f(z) = 0.
Challenges

e Even if the existence of a root of a function is guaranteed, there is no guaranteed method for
finding z*

e Since x* may not be defined in our floating point system, we cannot find x* exactly.

Computational Solution: Given any f(z) and some error tolerance ¢ > 0, find =* such
that |f(z*)] <e.

I Definition 3.1. We say z* is a double root of f(z) =0 iff f(z*) =0 and f/(z*) = 0.
Theorem 3.1 Intermediate Value Theorem
If f(z) is continuous on [a,b] and y € [f(a), f(b)] then Jz* € [a,b] s.t. f(z*) =y

Note: There could be more than one crossing of y in such an interval.

Note

If we can find [a, b] such that the produce f(a)f(b) < 0, then 3z* € [a,b] s.t. f(z*) = 0 since
zero is between f(a) and f(b).

3.1.1 Bisection Method

Definition 3.2. Bisection Method

. . . . . . _ a+b
Given f(z) and [a,b], s.t. f(a)f(b) <0, approximate the root with the midpoint ¢ = 2. If
f(a) and f(c) have opposite signs, then repeat (recurse) on the sub-interval [a, ¢]. Otherwise,

recurse on [c, b].
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Algorithm 1: Bisection Method

Input: f(z), interval [a,b] s.t. f(a)f(b) <0, tolerance € > 0
Output: Approximation of root z* s.t. |f(z*)] <e

while (b—a)/2 > e do

c+ (a+0)/2;

if f(c) =0 then
L return c

else if f(a)f(c) <0 then
t b+ ¢

else
L a< ¢

return (a+b)/2

Note

e This method always works, provided f(z) is continuous.
e The interval length is cut by half at each step.

o After n steps the interval becomes [a,,, b,| where either a,, = x,, or b, = x,,, implying

that |z, — z*| < b, = a,.

e Bisection implies that the interval lengths satisfy:

bg — Qg
2n

by —an =

Stopping condition
If we stop at |b, — a,| < tol for some tolerance value, then

2_n(bo - ao) < tol
‘bO - a0|
tol

|bo — ao|
1 I —_
= n> ogg(og( o

= 2" >

Example

Show that f(z) = 23+422—10 = 0 has a root in [1,2]. Use the bisection method to determine

an approximation to the root that is accurate to at least within 1071
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Existence of a root in [1,2]:

f)=-5 f2)=2 = Ff(1)f(2) <0

So, by the Intermediate Value Theorem, there exists a root in [1,2].

Iteration | Interval [a,,b,] | Midpoint ¢, fen) Next Interval
1 1,2] 1.5 2.375 > 0 [1,1.5]
2 [1,1.5] 1.25 ~1.796875 < 0 |  [1.25,1.5]
3 [1.25,1.5] 1.375 0.162109 > 0 | [1.25,1.375]
4 [1.25,1.375] 1.3125 —0.848389 < 0 | [1.3125,1.375]

*

_ 1.3125+ 1.375

5 =1.34375 with error < 0.1

Example

Determine the number of iterations necessary to solve f(z) = 23 +4x2? —10 = 0 with accuracy
1073 using a = 1,b = 2.

1 b—a 1
> 1 = log(1 ~ 1
"= log 2 Og( tol ) log 2 0g(1000) 0

Therefore, I will need n = 10 iterations.

3.1.2 Fixed Point Iteration

Definition 3.3. Fixed Point Iteration

If f(x) =0, then clearly x — z + f(x) = 0, and thus any root of f(z) = 0 is also a fixed point
of the function g(z) = z + f(z)

Example
Determine all fixed points of g(x) = 2% — 2.

A fixed point p of g satisfies p = g(p) = p? — 2, or equivalently, p> — p — 2 = 0. Solving this

quadratic equation, we find the fixed points are p = 2 and p = —1.
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For f(x) = 2® — o — 2, some possibilities might be:

o gla)=a%—2

o g(z)=+Va+2

e g(z)=1+2

o g(a)=a -T2 (m#0)

One can derive such possibilities starting from f(z) = 0, and rearranging to isolate an x by
itself on the left side.

3.1.3 Newton’s Method

Definition 3.4. Newton’s Method

Suppose f(z) is continuous with bounded derivatives f'(z), f”(z), and f'(z) # 0 then (by
Taylor’s Theorem):

Fla®) = flan) + f'(@r) (@™ = @) + O((a" — 1))

Ignoring the higher order terms and noting f(z*) =0,

f(xr)
[ (k)

0~ f(z) + fl(ap)(a" —ap) = 2" = ap —

Note: This does not give us z* exactly, because we ignored O((z* — zx)?) terms.

Algorithm 2: Newton’s Method
Input: f(x), initial guess xg, tolerance € > 0

Output: Approximation of root z* s.t. |f(z*)] <€

while |f(z,)| > € do

Tny1 T — L)

n<+<n+1;

return z,,
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Note

Approximate Derivatives

In practice, f'(x) itself may not be known explicitly (or may be expensive, etc.) For example,

if f(x) is a black-box function you can’t look inside.

However, approximate it, which will lead to the Secant Method.

f(xn> - f(xnfl)

Tn — Tp—1

f/(xn) ~

3.1.4 Secant Method

Definition 3.5. Secant Method

Given two initial approximations zy and z1, the secant method generates a sequence according

to the formula:
LTp — Tp—1

Tpyr = T — f(@n) - f(@n) — f(2n-1)

Note:

e We need two starting values xy_1, 2y to get xx+1. Use another method (e.g., bisection)

to get the first two values.

e Secant converges slower than Newton’s method, due to approximating f’(xy) by finite

differences.

3.2 Stopping Criteria

Note

For all of these methods, we need to decide when to stop! Possible options:

e Maximum number of steps taken - prevent infinite loop
e Tolerance on the size of the correction (change): |rgy+1 — x| < tol

e Tolerance on the side of the function value |f(xy)| < tol
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Stopping Criteria on Bisection

From the diagram above: |zg41 — x| = b_T“.

Stopping criteria = M <tol = |rpy1 — k| < w < tol.

For bisection, stopping based on criterion gives a guaranteed error bound.

Notes: This is not true in general for the Newton, Secant, or Fixed-Point methods.

Consider the function f(z) = cos(z) — x = 0. Approximate a root of f using:

e Fixed Point Iteration

e Newton’s Method
Fixed point

We want to solve x = cos(x). Define the iteration function: g(z) = cos(x). So that xp41 =
g(xy) = cos(xy).

Initial guess: zg = 7 =~ 0.785398.

x1 = c0s(0.785398) ~ 0.707107
22 = cos(0.707107) ~ 0.764842
x3 = cos(0.764842) ~ 0.722102
24 = c08(0.722102) ~ 0.750418
x5 = cos(0.750418) ~ 0.731404
g = cos(0.731404) ~ 0.744238

z* ~ 0.739085

Compare with Newton’s Method



CHAPTER 38 ROOT FINDING

x_new = x - fx / dfx

math, s

root = newton(f, df, xB=math.
( root)

Note

Fixed point iteration: converges slowly oscillating around the true root needs many iterations
to stabilize. Newton’s method converges much faster. By iteration 2, it already gives the root

to 6 decimal places.

3.3 Convergence

Definition 3.6. Convergence

Let e = [z — 2*]. We say that the sequence {x}} converges to z* with order q if:

lim M = p = constant, p >0
k—o0 \ek|‘1

(If ¢ = 1, it is required that p < 1 for convergence.)

Example

e ¢ =1 (linear convergence)

e ¢ =2 (quadratic convergence)

Convergence of Bisection Method

28
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1
lbr — ar| = §|bk71 — Q1]

k
1
<2) |bo — ao|

k
Recall: |2y — 2*| < by, — ag| = (3) |bo — aol-

Therefore, zp — z* as k — oo.

Note

ex+1 £ e in general for bisection, so convergence is a bit more erratic. For example zj, could
happen to be closer to * than xy1; on a particular iteration. Even though the £+ 1 interval

width is smaller than k’s.

But on average, ey ~ 0.5eg.

3.3.1 Convergence of Fixed Point Iteration

Theorem 3.2 Contraction Mapping (Banach) Fixed Point Theorem

Let g(x) be continuous on [a,b]. Assume a < g(z) < b for all z € [a,b]. (i.e. g([a,b]) C [a,b]).

Then z = g(x) has at least one solution.

Proof

Let h(z) = g(x) — x. Then h(z) is continuous and h(a) = g(a) —a > 0, h(b) = g(b) — b < 0.
By the Intermediate Value Theorem, there exists ¢ € [a, b] such that h(c) =0 = ¢g(¢) —c=
0 = cis a fixed point of g.

Definition 3.7. Let g(x) be continuous and bounded on [a, b]. Then g(z) is a contraction
on [a,b] if 0 < A < 1. sit.

lg(z) — g(W)| < Az —yl, Va,y € [a,b]
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Essentially, this is saying intervals within [a, b] have their length decreased when you apply
g(x) to them.

Theorem 3.3

Suppose that:

1. g(x) is continuous on [a, ],
2. g([a,b]) C [a, b],

3. g(x) is a contraction on [a, b].
Then the following is true;

1. = g(x) has a unique solution.

2. The sequence of iterates xx4+1 = g(zx) converges to z* for any xg € [a, b)].

Proof

Existence follows from the previous theorem uniqueness: suppose o and  are two fixed points
then

la = 8] = lg(a) = g(B)] < Al = B

0, (1 = A)|a — B] <0 since 0 < A < 1, this implies that | — 5| =0 = a = §.

Convergence:

er = |27 — x| = [9(z") — g(wr-1)|

s0, e < A|z* — xp_1| = Aex—1. By induction,
er < )\keo

Since 0 < A< 1, \F - 0 as k — o0, s0 e, — 0.

Theorem 3.4

Let g(x) be continuously differentiable on out interval [a,b]. Assume g([a,b]) C [a,b] and

o /
A= max |g'()] <1.
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Then

1. g(x) has a unique fixed point z* € [a, b].

2.z, — x* for g € [a, b]

3. limg_y oo e’ézl =g'(z%)

Proof

By Taylor expansion g(z) = g(y) + (x — y)¢'(y), where y is between x and y.

9(x) —g(y) = (x —y)d'(y)
lg(z) —g(y)| < |z —y] g 19" ()] = Alz =y

Then by Definition 3.7, g(x) is a contraction on [a, b].

Finally,
¥ — g1 = g(z*) — g(zx) = (" — z1)g' (yr)

Where y;, is between x* and x.

Since x, — x*, we also have y, — x*. Thus
b b

. €k+1
lim —*
k—oo €ep

= lim ¢'(yx) = ¢'(z")
k—oco

Note: If ¢'(z*) # 0, then fixed point iteration has linear convergence.
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Example

g(z) = 2* -2 g'(x) =2z g'(2) =4 > 1 (diverges)
g(x) = Vo +2 "(z) = 5 ng_z ¢'(2) = 1 <1 (converges)
gla) =1+2 '(z)=—% g'(2) = —3 < 1 (converges)

For f(x) = 2? — o — 2, one root is #* = 2. The possible iteration functions are:

3.3.2 Convergence of Newton’s Method

Theorem 3.5
Suppose f(x*) =0, z* € [a,b], f'(x*) # 0, and f, f', f" are bounded continous functions on
[a, b].

Then 3§ s.t. if g satisfies zo — x* < §, then Newton’s Iteration converges:

f(zx)
f'(zx)

Th4+1 = Tk —

Recall

Mean Value Theorem: If g is continuous on [z,2*] and differentiable on (z,z*), then

g(x) — g(z*) = ¢'(y)(x — 2*) for some y in between x and z*.

Proof

Consider newton as a fixed point iteration by writing g(z) = = — @)

Then / ! " 1"
o) -1 L@@ @) @)1 @)
(7)) (F/(@))?

Since f(z*) =0, then ¢'(z*) = 0.
Therefore, 3§ such that |¢’(z)] < A < 1 for all z satisfying |z — z*| < 4.

Next, must show g([z* — §,2* + J]) C [z* — J,z* + J].

32
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Consider z with |z —z*| < §. By the MVT (Recall 3.5), there exists y between z and z* such
that

lg(x) —g(z™)| = |g' ()] |x — ™.

Then |g(z) — 2| < |z — z*| <, since |¢'(y)] < 1.
Therefore, g(z) € [z* — J,2* + §].

Convenience follows from the theorem 3.4. So, newton converges if f(x) is "nice” and zg is

sufficiently close to x*.

Note

For the convergence rate we need to consider error ratios between k steps.

By Taylor expansion

0= f(z*) = flap) + f(z)(z* — z3) + f”(;k) (@* — o)

for & between xj and z*.

fle) _ 7 (Ek) 2
= et P = i (P )
But by definition of newton: zx41 =z — ;C,((g;’z))

Subtract both sides from z*:

f(xk) — f//(fk) (l'* — )2
Fllaw) 2 (x) *

2t = =a" —xp +

_ )
2f (k)"

So, epy1 = Ckei where C}, =

(This hints at quadratic convergence)



CHAPTER 38 ROOT FINDING

Theorem 3.6

Assume f, f/, f" are continuous and f'(z*) = 0., and f(z*) = 0, and f/(z*) # 0. If xq is
sufficiently close to z*, then x; — z* and

e )
k—oo (ex)? 2f"(x*)
i.e. Quadratic Convergence.
Proof
Let I = [x* — §,2* + 4], and define
1"
e @)

zel 2minger | f/ ()|

Then we have |e;| < Mleg|?. Also, Mler| < (Mlegl)?.

Now pick xo such that |eg| < €, Such that M|eg| < 1.

Then M|ey| < (Mleg|)? < 12. So, Mle1| < 1 too.

Squaring a nonnegative quality less than 1 gives a smaller or equal values.
So, Mey| < (Mleg|)? implies that Mle;| < M|eq|. So, |e1] < |eo| < e.
Therefore, |27 —2*| <e¢ = x; € I.

By induction, x), € I for all k. Similarly |ex| < Mlegp_1|*.

Finally,
Mley| < (Meg-1])* < (Meo])*

— ex| < 2 (Mleo))?".
Since M|eg| < 1, this bound goes to 0 as k — co. So, |ex| — 0.

Since y is between zj and z*,
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. 2 I (&) __f”(:z:*) _
B ()2 A ofi(ay)  afi(er)  Comstant

Note

e 1 must be sufficiently close to z*

e If newton is converging and xj, has s correct digits, then xy; has approximately 2s

correct digits.

e Newton’s method does not always converge quadratically consider the case where

J'@) = 0.

Method Does the method converge

Bisection Yes, guaranteed
Fixed Point Iteration Depending on g(z) and z
Newton’s Method Depending on f(x) and xg

Secant Method Depending on f(z) and zg and 1

Method Speed of Convergence | Require knowledge of f’

Bisection Linear No
Fixed Point Iteration Linear / Superlinear No
Newton’s Method Quadratic Yes
Secant Method g~ 51+ V5) No
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Numerical Linear Algebra

Study of algorithms for performing linear algebra operations Numerically.

Matrix/vector arithmetic

Solving linear systems of equations

Taking norms

Factoring & inverting matrices

e Finding eigenvalues & eigenvectors
Definition 4.1. A linear system can be represented as
AZ = b,

where A € R™*™ is a matrix, x € R™ is the vector of unknowns, and b € R™ is the right-hand

side vector.

Note

For Z computationally, where we desire

e Accurate solution: we must make sure this a well-conditioned problem, and we have a
stable algorithm
e Efficient algorithm: we want to minimize the number of operations

Theorem 4.1 Existence and Uniqueness

Consider AZ = b.
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e det(a) # 0 (A has linear independent rows/columns; or A is invertible) if and only if

# = A~1b exists and is unique.
o If det(A) =0, then

—Ifbe range(A), then there are infinitely many solutions.

— If b ¢ range(A), then there is no solution.

Note

The vector space V is said to be Linearly dependent if there exists scalars ay,as,...,a,
not all zero such that
a10, 4 ast + ... + anvn, = 0.
If a1 # 0, then we can write
- az _, an
1= ——V2 —...— —Up,
a ay

Thus, v7 is a linear combination for the remaining vectors.

A sequence of vectors (07,03, ...,0Uy,) is said to be linearly independent if the equation a;v7 +

Aot + ...+ apvy, =0 only has the trivial solution ay =as =...=a, =0

Column space: The column space of a matrix A is the span of its columns.

Col(A) = span{vi,v3,...,Un}

Note

Why is it not a good idea to represent solution to AZ = bas ¥ = Aill_)‘, where A~ is the

inverse of A (if it exists)?

Computing A1 explicitly is computationally expensive and numerically unstable. Instead, it
is better to use methods like Gaussian elimination or LU decomposition to solve the system

directly without computing the inverse.

Definition 4.2. A matrix A € R™*" with components a;; is said to be upper-triangular
if a;; = 0 for all ¢ > j; Similarly, A is said to be lower-triangular if a;; =0 for all ¢ < j. A

is triangular if is either upper-triangular or lower-triangular.
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Warning
1 2 3 4
0 0 3 4] isnot triangular. (It’s not square)
0 0 0 5

4.1 Gaussian Elimination

Definition 4.3. Gaussian elimination is used to solve a linear system. Gaussian elimi-

nation may be performed in two phases:

1. Reduce the matrix A to upper triangular form.

2. Solve the reduced system by backward substitution.

4.2 Constructing LU Decomposition

We may write
(M(S)M@)M(l)) CA=U

Let U = A® | then

A M(3)M(2)M(1))*1 U
= (M)~ 1 (M)~ (MmBHY-t .U

L-U

(Note: (AB)™! =B~1A~1)
Where L = (MM)=1(M@)=1(M3)-1,
We define the matrix L; as the inverse of the elimination matrix M;.

Properties of matrices M; and L;:

e Inversion Property: L; can be obtained from M; by swapping the signs of the off-diagonal

entries.

Example, consider the matrix Ms.
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1 0 0 1 0 0
Ms=10 1 0| = Ly=(M3)"'=10 1 0
0 25 1 0 —25 1

e Combination Property: In general

n—1

L:HLj:LlLQ"'Lnfl

j=1

L can be obtained from the L; by placing all the off-diagonal elements of the matrices L; in

the corresponding position in L.

Definition 4.4. L is called a lower triangular matrix with unit diagonal if and only if
the matrix elements of L vanish above the diagonal and are 1 on the diagonal (i.e. {;; = 1 for
1=1,2,...,n).

We may write the LU decomposition of A as
A=LU
with L unit lower triangular matrix and U upper triangular matrix.

For any A € R™*", we obtain the LU decomposition of A by

A= (M(l))—l(M(2))—1 . (M(n—l))—l .U =LU

Consider a linear system AZ = b.

e Phase 1: Decompose A = LU so we may write the linear system as LUZ = b.
e Phase 2: Solve Ly = b for y by forward substitution.

e Phase 3: Solve UZ = g/ for & by back substitution.

Pivoting
Consider the following system:
0 1 T - 1
2 1| |z2| |3
The entry in the (1,1) position is zero, which means the first pivot is zero. Since LU decompo-

sition requires dividing by the pivor, the algorithm fails.
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Strategy: Find the row with the largest magnitude entry in the current column beneath the

current row, and swap those rows if larger than the current entry

0 2 3 -3 2 —1
1 4 2| B2R g 4 9
-3 2 -1 0 2 3

We immediately swap the first and third rows, since | — 3| > |1] > 0.

Definition 4.5. P € R™*™ is a permutation matrix if and only if P is obtained from the

unit matrix I,, by swapping any number of rows.

Theorem 4.2

For all A € R™*" there exists a permutation matrix P, a unit lower triangular matrix L, and

an upper triangular matrix U (all type R™*™) such that PA = LU.

Corollary

If A is nonsingular then AZ = b can be solved by the LU decomposition algorithm applied
to PA.

AZ =b = from previous theorem: PAY = Pb Again from previous theorem: PA = LU.
We may write LUZ = Pb. Thus, we may simply apply forward and backward solvers to solve the
system by LU decomposition. The backward and forward solve steps will not lead to division by
zero, as L and U do not have any zero entries in the diagonal:

PA=LU = det(P)det(A) = det(L) det(U)

— det(A) = 7det(dLe)t ?;;(U)

i=1

Note: A is nonsingular # 0, det(L) = 1, det(P) = %1, so det(U) # 0.

4.2.1 Algorithm and Computational Cost

We aim to determine the (asymptotic) computational cost for solving an n x n system.

We measure cost in FLOPs (floating-point operations): the total count of additions, subtrac-
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tions, multiplications, and divisions.

Note: FLOPs can refer either to the total number of operations or to floating-point operations per second.

Phase 1: Compute the LU decomposition, A = LU . The pseudocode for this algorithm is as

follows:

% LU-Decomposition
1 = diag(1)
u=A
for p = 1:n-1
for r = p+l:n
m = -u(r,p)/ulp,p)
u(r,p) =0
for ¢ = p+l:n

u(r, ¢) = u(r, ¢) +m * ulp, c)

end for
1(r,p) = -m
end for
end for
o Count A: .
W = [3713 + O(n2)} A
e Count M:

Total count: W = 2n? + O(n?) flops.

Phase 2: We solve Ly = b by forward substitution

% Forward Substitution
y=b
for r = 2:n
for ¢ = 1:r-1
y(r) = y(xr) - L(r,c) * y(c)
end for

end for
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Total count: W = n? + O(n) flops.

Phase 3: We solve UZ = 3 by backward substitution

% Backward Substitution
x=y
for r = n-1:-1:1
for ¢ = r+l:n
x(r) = x(r) - U(r,c) * x(c)
end for
x(r) = x(r)/U(r,r)
end for

Total count: W = n? + O(n) flops.

4.3 Determinant

Recall
Determinant of a matrix A € R"*™ is given by
det(A) = Z(—1)1+ja1j det(Alj) for fixed i
j=1

where Ay is the (n — 1) x (n — 1) matrix obtained by deleting the first row and j-th column
of A.

Proposition

The following identities hold for determinants:

o det(BC) = det(B)det(C), (B,C € R™*")

e U € R™ ™ is upper triangular = det(U) =[]}, wi
e L € R™" is lower triangular = det(L) =[]}, li;
e P € R™™ permutation matrix = det(P) = %1

Recall

The algorithm for the LU decomposition can only be performed if there are no divisions by

Zero.
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Proposition

Consider a matrix A € R"*™. Then det(A4) # 0 if and only if decomposition PA = LU has

4.4 Connection Between PLU Existence, Pivot Condition, and Solvabil-

ity

Existence of PLU (Structure)

For every A € R"™*", there exist P, L,U such that

PA=1LU.

tells when

pivots are nonzero

h

Pivot—Determinant Link (Characterization)

implies stable
forward /back substitution

h

Solving Az = b (Algorithmic Consequence)

If A is nonsingular, compute PA = LU, then solve

Ly = Pb, Uz =y.

4.5 Condition and Stability

Norms are measurements of “size” /magnitude for vectors or matrices.

Recall

Definition of norm 2.5

Properties of norms:
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e If the norm is zero, then the vector must be the zero-vector.

2| =0 = 2, =0 Vi

e The norm of a scaled vector must satisfy

[lax|| = || - |z]| for scalar a

e The triangle inequality must hold

e+ yll < ll2[] +[yll

4.5.1 Norms for Matrices

Definition 4.6. The natural matrix p-norm for p = 1,2, 0o is defined by

||AZ|]
|A|l, = max ——
l1zll#0 ||Z]|p

Proposition

[AZ][p < [|Allp - [|Z]]p
Proposition
Consider a matrix A € R™*™ with elements a;;. Then,

o ||All; = maxi<j<y Y ivy |a;j] (maximum column sum)

¢ ||A]|lo = maxi<i<im Z;;l la;j| (maximum row sum)

Definition 4.7. Matrix 2-norm

Using the vector 2-norm, we get the matrix 2-norm (spectral norm):

o LAl
= X =
lz]|20 ||z]|2

|| A]l2 Amax (AT A)

44
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Note: if \; are the eigenvalues of AT A, then

[|A]l2 = max vV i

Proposition

Consider matrices A, B € R"*" with p = 1,2, 00. Then,

1A+ Bllp < [|All, +[|Bll

Proof

For any matrix norm || - || = || - ||», we have
I(A+ B)z|| = [|Az + Bz|| < [|Az|| + || Bz||
from the vector triangle inequality. Then, by the above proposition, we have:

= |[(A+ B)z|| < [[A[l - [[«]| + [|B]| - |]]
[[(A + B)z||

< |[A[[ +[1B]|
|||

Thus, by definition of the matrix norm, we get

1A+ Bll, < [|All, +[|Bll

Proposition

||A]l is & norm. In particular:

1 JA=0 < Ay =0 Vij.
2. |aA| = |a| |A|| for scalar «.
5. A+ BI| < Al + |BI.

4. | Az] < 4] |lz].

5 |[AB|| < Al BI|

6. ||I]] = 1.
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4.5.2 Conditioning of Linear Systems

Conditioning describes how sensitive a function’s output is to changes in its input.

A problem’s conditioning indicates its inherent difficulty to solve, independent of the algo-

rithm or numerical method used.
Condition of the problem AZ = b
Find Z from AZ = 5, where A € R™*"™ is nonsingular and beR"

—

Assume & = f(A,b). Let’s consider the change AZ, if we have input A + AA and b + Ab:

Example

Consider the following linear system:
1 2 X1 o 3
0.499 1.001| |zo| |15

1
Solution of this system is Z = [1] .

Now, if we perturb the input data slightly to

s i )= 1

3
the solution becomes ¥ = [O] , which is a significant change from the original solution.

Note

Condition of the problem AZ = b

-,

In order to examine the condition of the initial problem P(AZ = b) we need to consider a

slight perturbation on the input data A and l_;,

(A+ AA)(T+ AT) = b+ Ab
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Definition 4.8. The condition number of a matrix A is k(A4) = ||A]] - [|A7Y]|.

To find kg(relative condition number), we consider three cases:

e AA=0and Ab#0
e Ab=0and AA#0
e Ab#0and AA#0

Proof

For case 1 we have:

A+ AZ) =b+Ab = AT+ AAT=b+ Ab
Since AT =b = AAT=Ab = AF=A"'Ab
Now we take norm of both sides:

|AZ]| = [|AT1AB]| < ||A7Y| - ||AB] (1)

Now if we take the norm of both sides of AT = l_;, we have

181l = [1AZ]] < [|All - [|Z]] = []Bl] - 1AM < ll2)] - (2)

Combining (1) and (2), we get

1AZ| | 1Ad)
- <Al AT T
17| I
By rearrange the above inequality, we get
1AZ]|/]]Z]| -
r= = o <A ||ATY]
|1 A /1]0]]

Thus if xK(A) is small, then our problem P is well-conditioned.

Also, for the second and third cases, again kg < ||A]| - [|A7Y]].

47
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Proposition
For a matrix A € R™*"
Amax (AT A)
A) = ||A||2|| A7 ||e = ¢ 2
o) = Al A7 o = |/
Example
.. . 1 2
Compute the condition number of the matrix
0.500 1.001

The eigenvalue of ATAis \; = 1.6 x 1077 and Ay = 6.25, so

6.25
— = 6250

r2(A) =1\ 15510

Since ko(A) is large, the matrix A is ill-conditioned, which means that small changes in the

input can lead to large changes in the output when solving linear systems involving A.

Stability of the LU Decomposition Algorithm

Consider the mathematical problem defined by z(z) = ¢ with a as a constant

e The absolute condition number is

Az

B dz(x)
Rabs = ’A.’I

dx

—a| _ |a

2

~
~

2

Thus, if z is small then problem is ill-conditioned with respect to the absolute error.

e The relative condition number is computed as ko] = 1, so the problem is well-conditioned

with respect to the relative error.

1‘2

a

x —a

_ 1Az/4]

dz(z) |
Rrel = |A.’E/£17| ~

dzx

=1

The problem is ill-conditioned with respect to the absolute error but well-conditioned with
respect to the relative error. This means that small changes in x can lead to large changes

in z(x) when z is small.
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Example

Stability of the LU Decomposition Algorithm

Consider the [ollowing example, with 4 small.

o 1 T 1

11 |z~ |2
1. Applying Gaussian elimination and solving the resulted equations for 7
vields xq = 1 and o 2 1.

s 1 X '
6 \ 0_3‘,\_.2_‘_.4‘13__ =
[ to ® > o l'-% LS -l

-
m&’ Y ?»S-\ e |

1 % $-1 -

\ l_ —

F\bw gll+q‘3~=\ - 1" —g ( 1&)

! | Q.Q—K ) | _% =\
= W = —('- = ) = — )= —

! 5( 0 3( -I.) 1

Stability of the LU Decomposition Algorithm

2. Under the finite precision system b = 10,m = 4, e = 5] with § = 1075 we
have by backward substitution &; = 0 and &, = 1 and so have generated a
large crror in &,.

\ &)
q, = €l (l"f? Y = R 210y L Rz Yy
1o\ I_ 16° ~
/6 29999

Cﬁi\nce =G, We de e f‘m‘dﬁﬁ-)

91\‘: FiC _'-é( %, 1)=0

~

o we ke @ \o.;je eor w90,

AN ATIT242] T.ecture |1 NT.A
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Stability of the LU Decomposition Algorithm

Question: How to solve the issue?
To  Solve e bswr, we C\'\rft 'mﬁ'/d\cgg e +un Qc?lu_gﬁo\,-.b’
%D e e F{ubt \ Inb'teh\d of %

20 L7
ot [0 005

-G
NG P - axi0 ) | Filcooseody

Eig 12 &) o tici ) F1C0.99999)
x . 0o - %, ) = Pl 1z)

1/ AMATIT242]

Note

LU decomposition with Partial Pivoting

In general, in order to minimize the error, we should rearrange the rows in every step of the
algorithm so that we get the largest possible pivot element (in absolute value). This will give
us the most stable algorithm for computing the solution to the linear system since we avoid

divisions by small pivot elements. This approach is called LU decomposition with partial

pivoting.
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Iterative Methods

Iterative Methods for solving Ax = b

Definition 5.1. A € R™" ig a sparse matrix if and only if the number of nonzero

elements in A is much smaller than n?2.

Definition 5.2. A € R™*"™ is strictly diagonally dominant if and only if

n

|asi| > Z |ai;]

j#i=1
for all rows of 1.
Example
[0 0
If A= {0 0 1|, the non-zero element 2 << 32 =9 so A is sparse.
1 00
7 2 0
IfA=1|3 5 -—1|, we have
0 5 —6
o lan|=7>2+0=3", |a]
o lax|=5>3+1=73",as]
® lags| =6>0+5=73",3|as]
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so A is strictly diagonally dominant.
Proposition
A strictly diagonally dominant matrix is non-singular.

Note: In general if A is strictly diagonally dominant, the transpose of A does not necessarily

retain the same property.

Example
7 2 0 7T 3 0
IfA=13 5 —-1|,AT=12 5 5
0 5 —6 0 -1 -6

A is strictly diagonally dominant but AT is not since |age| =5 # 2+ 5= > i lazjl.

Note

In following lectures, we will use 2"V to denote the updated solution vector and #°'9 to

denote the previous solution vector.

5.1 Jacobi and Gauss-Seidel Methods

Jacobi Method

We assume A € R3*3 and construct a system of equations as follows:

new old old
a1z’ +apzy” +a13r3° = by

old new old
a2127 " + a2225°" + ag33 < = by

old old new
az3127 ¢ + azeTy 4 azzxrz” = b3

Therefore,

1
new __ old S
V= —1b— g a;ij T fori=1,2,3
Qs —
J#i

Gauss-Seidel

In this method we use the elements of "V derived earlier in the same step and construct a
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linear system as:

new old old __
a1 x? + a3 + a3yt = by
new new old
a1 77" + azxy"" 4 a23x3 < = by

a31$?ew + a,32.13r21ew + aggl‘gew = b3

Rearranging the equations, we get

1
new __ new old .
2}V = — | b — g a;jry — E a;j Ty fori=1,2,3

Qis -
w 7<i 7>1

Note

Note: The Gauss-Seidel method is more efficient than the Jacobi method since it uses the

most up-to-date values of T in each iteration.

In matrix form presentation

Using the decomposition A = Ay + Ap + Ay, we can express the Jacobi and Gauss-Seidel

methods in matrix form as follows:

e Jacobi method: "V = A} (b — (AL + Ap)iod)

e Gauss-Seidel method: 7"V = Ap} (b — (AL + ApZe™))

0 0 O * 0 0 0 % =
ALZ*OO,ADZO*O,AUZOO*
* % 0 0 0 = 0 0 O

EE S

A=A +Ap+Ay = |* * =«

* k%

b= AZ = (AL + Ap + Ap)Z
= (AL + Ap)Z+ ApZ
= ApZ=b— (AL + Ap)Z



CHAPTER 5 ITERATIVE METHODS o4

Now if ABI exists, we can derive the Jacobi method as

T=A5 (b — (AL + Ap)D)

5.2 Convergence of Iterative Methods

Theorem 5.1

Consider A7 = b and let i° be any starting vector. Let {f(i)}g’il be the sequence generated
by either Jacobi or Gauss-Seidel iterative methods. Then if A is strictly diagonally dominant

the sequence converge to the unique solution of the system A¥ = b.

s

Definition 5.3. The residual of a linear system AZ = b for some vector @ is ¥ = b — Ad.

As 7% (residual at step i) becomes smaller, Z(*) becomes closer to the solution of AZ = b.

(1)
7|2 <t
|70 |

For an iterative approximation u, the error is given by € = & — «. This leads to the following

relationship between the error and the residual:

If we knew the error € for any approximation «, we could write out the solution to the linear

system directly:
T=td+ (z—1u) = U +_é

approximation error

—

However, if error is unknown, we can instead use the residual:

=0+ A"

Note: Inverting A is an expensive operation.

Instead of using A~!, we can choose a matrix B that is easy to invert such that B~! is an

approximation for A~!, Then:
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Repeat this process iteratively, we get

F0HD = ¢ L B~1(h — A7)

Theorem 5.2
Consider the iterative method
F0HD = 70 L B=1(h — A7)
with det(A) # 0. If there exists a p-norm for which ||[I — B7'A||, < 1 then the iterative

method will converge for any starting value Z(?). Convergence will then hold in any p-norm.

Proof
Consider the error &) = # — ("), Then,
0D — 7= 70 — g4 B~(b — AZW)

FD 7= &9 4 p71(A7 — A7)
i+l — ) _ g=1 45

Take norm:
1|, = |[(I = BT A)eD||, < [T — BT A[|, - [[e7]],

If we apply this result recursively, we get

18D, < |17 = B4 - [1E]],

Taking the limit as ¢ — oo, we have

. i+1 . —1 i+1 0 —
T (D], < lim (|7 = B 6], =0

where we have || — B~ A]|, < 1 by assumption. Therefore, &% — 0 as i — oo, which means

70 = Zas i — .

95
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Determine B for the Jacobi and Gauss-Seidel methods:

e Jacobi method: B~! = Ap!
o Gauss-Seidel method: B! = (A + Ap)~*

Proof

If we rewrite the matrix form of Jacobi into standard form, we have:

F = A5t (B (g + Ap)E®)

We know A = Ap + A, + Ay, so we can rewrite the above as:

FH = apt (B (A- 4p)at)
= Ap! (5 — ATD 4 AD;E(“)
= AG'b+ (I — At A)ZD

FE+HD = g0 4 A7 (g_ Aj»(i))

Bl = A}
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Interpolation

6.1 Polynomial Interpolation

Definition 6.1.

Problem: (n + 1) discrete points {(z;, fi) }i, are given with x; # x; for i # j.
Objective: Defining a continuous function that interpolates the data: y(z;) = f; for
0<1<n.

The algebraic polynomials:
Yn(x) = ag + a1z + agx® + - + apa”
where n is non-negative integer and ag, a1, ..., a, are real numbers.
We will focus on polynomial interpolation because

e They are easy to be integrated and differentiated.

e They uniformly approximate continuous functions.
Theorem 6.1 Weierstrass Approximation Theorem

If f(x) is a continuous function on [a,b]. For each € > 0, there exists a polynomial y(x) such
that |f(z) —y(z)| < e for all z € [a, b].
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Definition 6.2. Monomial Basis

To interpolate n 4+ 1 data points using polynomials, we denote Y,, as a set of all polynomials
of degree at most n. In addition and scalar multiplication defined, Y,, forms a vector space
with basis

?; =27,7=0,...,n

for which a given polynomial y, € Y,, has the form

yn(z) = ag + a1z + agz® + - - - + apa™

Each a; is a real number and is called the j-th coefficient of y,, and 27 is called the j-th

monomial of y,.

Definition 6.3. Vandermonde Matrix

In the monomial base, the vector @ of coefficients of the polynomial interpolating the data
points (x4, f;), for i = 0,1,2,...,n is given by the (n + 1) x (n + 1) linear system V@ = f,

where:

1 =z 22 ... g ag fo
0 0 0 a f
1 2. n 1 1

T J:]_ '/1:1
. az | = f2

2 n

1 =, =z )
an, fn

A matrix in this form, whose columns are successive powers of some independent variable x

is called Vandermonde Matrix.

o8
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Proposition

The determinant of V' is given by

det(V)= [ (z;—=)

0<i<j<n

Which is equivalent to

det(V) =(x1 — x0)

(z2 — x0) (72 — 21)
(zn - xO)(xn - 131) e (xn - xn—l)

Proof

Let V be the (n + 1) x (n + 1) Vandermonde matrix:

1 x 3 - ab

1z 22 - b
V= o :

1z, 22 Ty

Step 1: View det(V) as a polynomial in z,,. Expend det(V') along the last row (row n)

M-

<
Il
o

det(V) =) (=1)"TV,,; det(Vy;)

|

<
I
o

(—1)"“:10% det(V,;)

where V,,; is the matrix obtained by deleting the n-th row and j-th column of V.

Each det(V},;) depends only on zg,z1,...,Z,_1, so it is independent of z,,. There-

fore, det(V) is a polynomial in z,, of degree at most n.

Moreover, the coefficient of ]! comes only from the term j; = n:
(=) "z det(Vy,,) = 27 det(Vy,), so the leading coefficient is det(V},,). Hence
deg(det(V)) = n and det(V) = det (Vs )2l + lower degree terms.

Step 2: Find the roots: If =, = x, for some k € {0,1,...,n—1}, then row n equals row k, so
det(V) = 0. Thus, det(V), as a polynomial in z,,, has roots g, x1,...,Z,—1. Since

it has degree n, it must be of the form det(V) = b(x,, — z0)(zn, — 1) - -+ (T, — Tp—1)
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for some constant b independent of x,,. From step 1, the leading coefficient of det(V)
is det(Vyy), therefore b = det(V,n) = det(V) = det(Van) Z;é (xn — zx). The
matrix V,,, is exactly the n x n Vandermonde matrix built from xg,z1,...,2Zp_1.
By induction,

det(Ven) = [ (25— =)

0<i<j<n—1

Multiplying the above two equations, we have

n—1
det(V)= [ (@j—=)[[@—2r)= [ (@—=)
0<i<j<n—1 k=0 0<i<j<n

Theorem 6.2

The interpolating polynomial y,(z) exists and is unique

Proof

In order to have a unique solution for the linear system Va = f, V' must be invertible
= det(V) # 0. We know det(V) = [[o<;cicp(®; —2:). Thus det(V) #0 <= z; # x;
for ¢ # j. Thus, by a standard result from linear algebra, we know the linear system has a

unique solution (or y, exists and is unique).

Note
Challenges of using monomial basis for polynomial interpolation
e Computational complexity to solve the linear system using standard solver (G.E) is of

order O(n?), solvers with complexity of order O(n?) (for Vandermonde systems) use

other polynomial representation.

e V is a very ill-conditioned matrix, since xo(V) grows faster than exponentially as a

function of n.
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e
=

Note

Does this ill-conditioning prevent the computed polynomial from fitting the data point?

No, the computed polynomial will fit the data points because Gaussian elimination with

partial pivoting will produce a small residual for the solution of the linear system in any case.

Question: Does this ill-conditioning prevent the computed polynomial from fitting the data

point?

No, the computed

Note

By using different basis, both the conditioning of the linear system and the amount of com-

putational work required to solve the linear system can be improved.

A change of basis still gives the same unique interpolation polynomial

Proof

If we have two interpolation polynomials
pn(T) = ag + a1z + aor? + -+ apa”

and
qn () = bo + b1z + bya® + -+ + bya”

Now their difference would be a polynomial of degree at most n

o (2) = (ag — bo) + (ay — by)x + (ag — bo)x® 4 - + (ay — by)z"
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If we evaluate p, — ¢, at every data point xg,...,z,, we have

(pn - Qn)(xz) = pn(mi) - Qn(xz)
=fi—fi
—0

This means that p,, — ¢, has (n + 1) distinct roots. But p,, — ¢, is of degree at most n, so it
can only have at most n roots values it is the zero polynomial. Therefore, p, — ¢, =0 —

Pn = Gn.

So, what has changed is only the representation of that polynomial in a different basis, but

the polynomial itself is the same.

6.1.1 Monomial Basis

Conditioning of monomial basis can be improved by shifting and scaling the independent variable

¢j<x>:<xd_c)J, j=01...n

where
_x1+:rn d_xn—xl
o2 T2
Then N
x— 85 2 — (31 + xy)
p(x) = ——— = =
Ty — X1

If = z1, then

2x1 — (z1 + )

€T =
P(z1) pa—
_.’L’l—l‘n
_anxl

=-1



CHAPTER 6 INTERPOLATION 63

If x = x,,, then

22, — (21 + 2p)

P(n) = T — T
_ Tn — L1
- Tp — X1

Since ¢ is linear and increasing on [1, z,], it maps the interval [z1, z,] exactly onto [—1,1].

This transformation also helps avoid overflow and underflow when computing the entries of the

basis matrix or evaluating the interpolation polynomial.

However, the monomial basis, even after shifting and scaling the independent variable, still

suffers from poor conditioning for large n.

6.2 Lagrange Interpolation

Definition 6.4. Determining a polynomial of degree one that passes through distinct points
(w0, fo) and (21, f1)-

This polynomial is in the form y; (z) = ag + a;z. Now considering y(zo) = fo and y(x1) = f1,

From two points form of the line, we get:

fo — f1 r — T r — X
y1—f1= (75—551): 0 1
To — I1 o — 1 1 — o
Rewriting the above equation, we have
r — I T — X
Y1 = Jo+ bil
o — 1 r1 — Xo
Definition 6.5. Lagrange Basis
The Lagrange basis functions are defined as
xr— I T — o
Lo(l‘) = — L4 (x) =

.’Eo—xl’ Tr1 — Xo
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So the interpolation polynomial can be written as

y1(z) = Lo(z) fo + L1(z) f1

Note

Note that Lo(zg) =1, L1(z1) = 1, Lo(z1) =0, and Ly (z) = 1:

To — T1 T1 — To

Lo(xo) = m = ]., Ll(IIfl) = 71 — 70 =1
L()("Ill) = H = 0, Ll(IIZQ) = i? : 22 = O

Example

Example

Determine the linear Lagrange interpolating polynomial that passes through

(2,4) and (5, 1).

We hawe Na = A, c‘llag; [:ozlf-l-, (:l*l-
9NN -5 - G_a
Lp(q-}-‘ = &.__ 3
Ao - -5
L n) A-Me AR MR
qLI-q(a 5.—1; 2

R
5> x b *

SO) al. ()= LDC'\‘\JEO T'L"| Cu“)E-| -

3 ' 2

Theorem 6.3 Lagrange Interpolation Theorem

Given n + 1 distinct points (xo, fo), (z1, f1), .., (n, fn), there exists a unique polynomial of

degree at most n that interpolates these points. This polynomial can be expressed in terms
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of the Lagrange basis functions as

j=0
where
T— T
L] (.’II) = H T 9 07 17 y
0<m<n J m
m#j

Definition 6.6. Monomial basis or standard basis is the basis to form Y, (z) as a vector

space that contains all polynomials of degree at most n:

Y, (x) = span{l,z,2?,..., 2"}

The Lagrange polynomial form a different basis for Y, (z):

B ={Lo(z),L1(x),...,Ln(x)}

Since this is also a basis, we can write any polynomial y,(x) as a linear combination of the
Lagrange polynomial y, (z) = Z?:o Li(z)f;.
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Example

Example

1) Use &g = 2, &7 = 2.75 and x» = 4 to find the sccond Lagrange interpolating
. 1
polynomial for f(x) = =

1
2] Use the result from (1) to approximate f(3) = -.

(|) P:II“ C(m)-—. I{“, e ‘—'"tgp"'t (:°J Cl,ck:
(.| 1,051[1__'. ) £ .2

.1 _oas
1 = Ll
- L 235’ LTS &
9‘ ’
Loy =™ (h-m)Cn-%a)
j;:: Moy Cramy) (ho- My)
- %_(‘mﬁ LABY(n- &)
-
L (o) TT 1"“) _ QQ\__‘\'\L.‘)("K -'ch;") = —i (-2
] = - — - 1
:j_l;:s %A, - LAy —mo) Lo —ny) % Cn-g)

j A~ D o)

AL P (Ra M) ()
= 2 (a2 23T)
5

TRU\ JA'(_W\-)-; L—o(“") r‘e + L—; (“‘J C( + Lg_(“"") c;_'

— \ 5\1 — 35 M+ ﬁ
- B8 &4

o~ (3> = 9 - 05 W’ o 632055
C;‘) Qt’}) -~ :ja. 2. 33 + ‘L

CEATAAMATITZ2)

Theorem 6.4

Suppose g, Z1, . . ., T, are distinct numbers in the interval [a, b] and f is a continuous and dif-

ferentiable function. Then for each x in [a, b], there exists a number £(x) (generally unknown)
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between xg,x1,...,2, and hence in (a,b) with

_ 0 (E(@))

(x —xzo)(x — 1)+ (T — )

where y,,(x) is the Lagrange interpolation polynomial.

Note

Note that the error term for the Lagrange polynomial is quite similar to that for the Taylor

polynomial. The nth Taylor polynomial about zy has an error term of the form:

FrD(E())

(n+ 1>! )n+1

(x — xg

The Lagrange polynomial of degree n uses information at distinct points xg, x1, ..., %y, and

n+1

instead of (x —x()"™ "+, its error formula uses the product of n+1 terms (z—x¢)(x—x1) - - (x—
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