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Note

Some Useful Terms

adjacent

incident

neighbor

neighborhood

degree

complete graph (”clique”)
bipartite graph

k-regular

subgraph

path

cycle

connected graph
components

tree

planar graph
subdivision

face of a planar graph



CHAPTER 1

Connectivity & Planar Graphs

1.1 Cut Vertices and k-Connectivity

Let G be connected, x € V(QG).

I Definition 1.1. =z is a cutvertex if G — z is disconnected.

For W C V(G), G — W is the graph obtained from G by deleting W.

I Definition 1.2. W C V(G) is a vertex cut of the connected graph G if G—W is disconnected.

Exercise

A connected graph that isn’t complete has a vertex cut.

Definition 1.3. K-connectivity: Let G be a connected graph, k& > 1, we say G is

k-connected if:

1L |[V(G)|=2k+1

2. (G has no vertex cut of size < k — 1
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Definition 1.4. The minimal degree 6(G) is ming(,).,cv(q), Where d(v) is the degree of

vertex v.

Lemma 1.1

If G is k-connected, then k < 4(G).

Note

N (v) is the neighborhood of v.

e If|V(G)| <G+ 1, k+1<|V(G) <6G)+1 = k <IG).

Warning

The converse is false

§(G) =99, not 2-connected.

Proof
o If |[V(G)| > 6(G) + 2, then N(v) is a vertex cut |[N(v)| = 6(G) > k.
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Lemma 1.2

Let G be a graph on n vertices, let 1 <k <n —1. If §(G) > %’H, then G is k-connected.

Let H be the smallest component of G — W.

n— |W]|
H < " 7
|H| < 5

Let v e H, d(v) < |W|+ (|H|-1)

6(G) < d(v) < [W|+(|H[-1)
n— Wl _
2
n,
2 2
ont (k—1)-2
- 2
n+k—3
2
n+k-—2
2
< §(@) (contradiction)

IN

(W] + 1

Note

G is 1-connected v.s. G is connected

same if |[V(G)| > 2, otherwise different

Recall
e §(G): the minimum degree of G.

Proof

1L |[V(G)|=2k+1

2. Suppose for contradiction, G has a vertex cut W C V(G), [W| < k — 1.
| e If G is k-connected then §(G) > k.
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o If §(G) > W, then G is k-connected. (Converse is not true)

e G k-connected does not imply 6(G) > EE=2 n = [V(G)] (e.g. C100 is 2-connected but
6(G) =2 << 1005222 — 50)

Cyp (use Cygp for the actual graph)

Properties of 2-connected graphs

Lemma 1.3

If G is a 2-connected graph and xy, xz € E(G), then there exists a cycle in G containing both

zy and xz.

Path P from y to zin G — x

Proof

Since G is 2-connected, x is not a cut-vertex. So G — x is connected. Hence, there exists a
path P from y to z in G — z. Then P U {z} forms a cycle in G containing zy and zz.
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Lemma 1.4

Let G be a graph. Suppose that

e edges e; and es lie in a common cycle in G, and

e edges ey and e3 lie in a common cycle in G.

Then e; and ej3 lie in a common cycle in G.

Proof

Let eq, es lie in a circle ¢; and eo, e3 lie in a circle ¢s.

Let x be the first vertex of ¢; reached by walking along ¢, starting any endpoint of ez, and not
using es. Similarly, we define y as the first vertex of ¢; reached from the other endpoint of e3.
Then z and y exist, and  # y because eg lies in both ¢; and ca, then the (x, y)-segment of co
containing es, together with the (y, z)-segment of ¢; containing e;, forms a cycle containing

e1 and es3.

Alternate characterization of 2-connectivity

Theorem 1.1

Let G be a graph with |[V(G)| > 3. The following are equivalent:

1. G is 2-connected

2. G has no isolate vertices and every pair of edges lie in a common cycle.
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3. Any two vertices lie in a common cycle.

Proof

(a) = (b): Suppose G is 2-connected. Then G has no isolate vertices since 6(G) > 2. Let
e and f be any two edges in G. Since G is connected, there is a path P from an endpoint of

e to an endpoint of f.

Then there exists a sequence of edges e = eq,es,...,e, = f by the first lemma, for each 4
there is a cycle C; containing e; and e; 1. Then applying the second lemma for each i in turn,

we conclude there is a cycle containing e = e; and f = e.

(b) = (c): Assume G has no isolated vertices, and two edges lie in a common cycle. Let
x and y be vertices in G. Since G has no isolated vertices, there exists edges e containing x

and f containing y. Then there is a cycle containing e and f, and hence also = and y.

(¢) = (a): Assume any two vertices lie in a common cycle. By assumption, |V(G)| > 3.
Suppose on the contrary that x is a cut-vertex of G. Let y and z be vertices in distinct
components of G—x. Then there can be no cycle containing y and z, since otherwise removing

2 can not disconnect y and z in C.
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Q: What is a graph like if it is connected but not 2-connected?

1.2 Blocks

Definition 1.5. A block is a connected graph with no cut vertex.

So a block is one of the following:

1. a single vertex (trivial block)
2. the graph K5 (two vertices with an edge)

3. a 2-connected graph

Definition 1.6. A block of a connected graph G is a subgraph H of G and is maximal with
respect to being a block.

e H is a block and,

e H is not contained in any large subgraph J of G that is also a block.

Lemma 1.5

Suppose blocks b; and b is a connected graph G are distinct, and there exists a vertex
x € v(by) Nw(bs), then x is a cut vertex of G.
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Proof

Suppose on the contrary that G — = is connected. There exist y € v(b1)\v(b2) and z €
v(b2)\v(by) by maximality of the distinct blocks by and bs. Since G — x is connected there

exists a path P joining y and z in G — z.

Claim: b; U by U P is 2-connected.

Proof

Suppose w € v(by Ubg U P). Then b; — w is connected and by — w is connected, since b; and
by are blocks. Then by U by U P — w is connected via x (if z # w) or via P (if x = w). So
claim holds. But this contradicts the fact that by is a block. (Also bs is a block.)

Hence, z is a cut vertex of G.

Definition 1.7. Let G be a connected graph. The block-cutvertex forest (BCF) of G is
the bipartite graph with vertex classes B and C, where B is the set of blocks of G, and C is
the set of cut vertices of G. The edge set is {bc:b € B,c€ C, and c € b in G}
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Example

Theorem 1.2

Let G be a connected graph. The BC'F of G is a tree.

Proof

The BCF of G is connected (Exercise!)

Suppose on the contrary that the BC'F of G contains cycles. Let cibicobs - - c:by be the
shortest cycle in BC'F of G then t > 2.

Then all b; — {¢;—1,¢;} are disjoint, since we chose a shortest cycle in BCF. There is a path
P; inside b; from ¢;_; to ¢; for each i and these are all disjoint for the ¢; for each i. Hence,
P=P,UPyU---UP is a path from ¢y to ¢; that does not contain ¢;. Hence, as in the
previous proof by U by U P is 2-connected, contradicting that b is a block of G. Hence, BC'F

is a tree.

10
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Definition 1.8. An end-block of a connected graph G is a block of G that has degree 1 in
the BCF of G (i.e. a leaf of BC'F). Note that every leaf of the BCF is a block, since any
cutvertex separates the graph so is in at least 2 blocks. Hence, every graph with at least 2
blocks has one end-block.

Recall

That for any planar graph G, if G is a planar drawing of G and f is a face of G, then there
exists a planar drawing G of G in which f is the outer face.

1.2.1 K1 Theorem Proof

Theorem 1.3 K1

Let G be a connected graph, and suppose every block of G is planar. Then G is planar.

Proof

We use induction on the number ¢ of blocks of G.

Base case: t = 1. Then G is itself a block. Hence, G is planar by assumption.

IH: Assume t > 2 and every connected graph with < ¢ — 1 blocks, all of which are planar, is

planar.

Let G with t blocks be given. Since ¢t > 2, G has an end block b. Let ¢ be the unique cutvertex
of G in b.
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By IH, the graph H = (G — b) U {c} is planar, since it has ¢ — 1 blocks, all of which were

blocks of G and hence planar by assumption.
Also, b is planar since it is a block of G.
We take a planar drawing of H with ¢ on the outer face (possible by lemma) and a planar

drawing of b with ¢ on the outer face (also possible by lemma) and glue the two drawings at

¢ to get a planar drawing of G.

Using Blocks

We saw that if G is connected but not 2-connected then its blocks form a “tree-like” structure.

We can use the to prove general statements .S about such graphs by

e Proving S for 2-connected graphs (and lines and single vertices)

e extend the proof of S to G by using induction on the numbers of blocks of G.

Example

Our Theorem K1
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Recall

Contraction and Deletion of edges
Let G be a graph and let e = zy be an edge of G.

The graph G \ e is obtained by deleting the edge e from G has V(G \ e) = V(G) and
E(G\ e) = E(G) \ {e}.

The graph G / e obtained by contracting e in G has V(G / e) = (V(G) \ {z,y}) U{z} (z is
the image of e under contraction) and edge set

E(G/e)={w € E(G) : {u,v} N{z,y} =0} U{zu:uzx € E(G) \ {e} or uy € E(G) \ {e}}

Note that |E(G \ e)| = |[E(G)| — 1 and |E(G / e)| < |E(G)| — 1.

1.3 Minors

Definition 1.9. The graph H is said to be a minor of the graph G if H can be obtained

from G by a sequence of edge deletions, edge contractions, and isolated vertices deletions.

Example

Hence, K, is a minor of G.

Definition 1.10. Let H be a graph. A subdivision J of H is any graph J obtained from
H by replacing each edge of H by a path P, of length at least 1 (whose endpoints are the
endpoints of e)
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such that

o V(P.)NV(P¢) = {z} whenever en f = {z}

e V(P.)NV(Ps) =0 whenever en f =0

Note that d;j(v) = dgy(v), if v € V(J)NV(H) “branch” vertices of J,

and d;j(v) =2, if v € V(J)\ V(G) “path” vertices of J.

Compare:

(a) G has H as a minor
(b) G contains a subdivision of H.
(b) = (a): Suppose G contains a subdivision J of H. Start a sequence by deleting all edges of

G not in J, to obtain J (plus isolated vertices — delete these). Then contract each P, in J down
to a single edge to set H.

(a) =~ (b) in general: G contains K5 as a minor, but G does not contain a subdivision J of K,
since J would need 5 vertices of degree 4 (the branch vertices) and G has only 4 vertices of degree
> 4.
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Definition 1.11. A cubic graph G is a graph in which every vertex has degree 3. (same

as 3-regular)

Lemma 1.6

Let H be a cubic graph. If a graph G has H as a minor then G contains a subdivision of H.

Proof

By induction on |E(G)|.

Base case: |E(G)| = |E(H)|. Then G = H. Then since H is a subdivision of itself, the

statement is true.

IH: Assume |E(G)| > |E(H)| and for every graph G’ with |E(G")| < |E(G)|—1, that contains

H as a minor, G’ contains a subdivision of H.

Fix a sequence of edge deletions and contractions that take G to H.

Case 1: the first edge of S is a deletion of edge e, then G \ e satisfies |[E(G \ e)| = |E(G)|—1.
The rest of the sequence S except the first deletion step show that G \ e has H as a minor.
Hence, by IH we know that G \ e contains a subdivision J of H. Hence, G contains the

subgraph J as well.
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Then as before, say sequence S without its first step shows that G / e has H as a minor.

Since |E(G / e)| < |E(G)|, by IH we know that G / e contains a subdivision H; of H.

If the image z of e under contraction is not a vertex of Hj, then Hj is a subgraph of G as

well, and we are done.
So we may assume that z € V(Hy). Hence, dg, (z) = 3.

Note that if 3 > a + b where a and b are non-negative integers, then one of ¢ and b is < 1.
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Let Hs be the subgraph (minimal) of G such that Hy / e = H; of the < 3 edges of H; incident
to z, one of z and y is incident to at most one of them in Hs.

It follows that (in all cases)
H, contains a subdivision of H (possibly with one path length extended by 1).

Hence, G contains a subdivision of H.
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1.4 2-sum

Definition 1.12. Let G; and G5 be graphs with at least 3 vertices.

Suppose

e V(G1) NV (Gs) = {u,v} where u # v

e uwv € E(G1) N E(G2)

The 2-sum G & G2 of G; and Gy is the graph with vertex set V(G1) UV (G3) and edge set
(E(G1) U E(G2)) \ {uv}.

‘ Example

Note

Any 2-sum of two cycles is a cycle: C & C; = Cryy_o.

Note

In an 2-connected graph, every edge lies in a circle by characterization of 2-connected graphs:
give e choose f # e (exists since 6(G) > 2) and take a cycle containing both.
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Lemma 1.7

If G = G1 & G2 via the edge uv, and if G5 is 2-connected then G contains a subdivision of
Gi.

Proof

G=G1 Gy

Since Go is 2-connected, there exists a cycle C' in Ga containing uv, then C'\ {uv} is a path
in G from u to v that is disjoint from V(G1) \ {u,v}. Hence G \ {uv} contains a subdivision
of Gl.

Lemma 1.8

If G =G ® Gy (via uv) and both G and Gy are 2-connected then G is 2-connected.

Proof
G has no isolated vertices since 6(G1) > 2 and 6(G2) > 2, and at most one edge is removed

to form G.

Every pair of edges e, f in G lie in a common cycle in G.

o If e, f € E(G;): there exists a cycle C' in G containing e, f.

If uv ¢ E(C), then C will do. If uv € E(C), then let C’ be a cycle in G5 containing uwv
and take C' @ C’. This is a cycle in G containing e, f.
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e If e € E(Gy1) and f € E(Gs): take C; in G; containing e and uv, and Cs in Gs
containing f and uv. Then C; & Cs is a cycle in G containing e, f.

Lemma 1.9

Let G be a 2-connected graph and suppose {z, y} is a vertex cut of G. Let C; be a component
of G — {x,y}. Then the graph H with vertex set V(C1) U {z,y} and edge set {wz € E(G) |
w,z € V(H)} U{xy} is 2-connected.

Proof

|[V(H)| > 3 since {z,y} C V(H) and C} is non empty. Also, H is connected since C; and G

are connected.
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Suppose w is a cutvertex of H, then we may assume w # y. Let k be a component of H — w

that does not contain y.
Then w is a cutvertex of G (that separates k from the rest of G).

This contradiction shows that H is 2-connected.

Lemma 1.10

Let G; and G2 be k-connected graphs, where |V(G1) NV (G2)| > k. Then G = G; UG3 is

k-connected.

Proof

Clearly, |V(G)| > |V(G1)| > k+ 1. Let W be a set of < k — 1 vertices of G.

Then

e (G; — W is connected since (G1 is k-connected.
o (G — W is connected since G5 is k-connected.

e V(G1) NV (G3) — W is non-empty since |W| < |V(G1) NV (Ga)].
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So, G1 UGy — W is connected. Hence, G has no vertex cut of size < k — 1.

Theorem 1.4 (Decomposition theorem)

Suppose G is a 2-connected graph and {x,y} is a vertex cut of G. Then there exists graphs
G and G9 such that

L V(G1)NV(G2) = {z,y}.

2. zy € E(G1) and zy € E(G2).

3. Both G and G5 are 2-connected.
4. If zy ¢ E(QG), then G = G1 @ Gs.

5. If zy € E(Q), then G — zy = G1 & Ga.

Proof

Let Cq,Cs,...,C, be the components of G — {x,y}. Then r > 2. For each i, Let H; be the
graph with vertex set V(C;) U {x,y} and edge set {wz € E(G) | w,z € V(H;)} U {zy}.
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By the previous lemma, each H; is 2-connected, and Gy = Hy U H3 U - -- U H,. is 2-connected

by our other lemma.

Set Gl = Hl.

Then G; and G4 have the given properties, and (4,5) hold by def of 2-sum.

Corollary

Let G be a 2-connected graph with > 4 vertices. Let e € E(G). Then either G \ e is
2-connected or G / e is 2-connected (or both).

Proof
Fix e = zy. Suppose G \ e is not 2-connected.
Let z be the image of e under contraction. Since |V(G / e)| > 3, and G / e is connected,

G / e has a cutvertex, say w. If w # z, then w is a cutvertex of G, a contradiction. Hence,

w = z, and so {z,y} is a vertex cut of G.

Let G; and G2 be as in the Decomposition theorem. Then G and G2 are 2-connected, and
G / e = G; ® G2. Hence, by an earlier result we know G / e is 2-connected.
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Example

(Note: G \ I3 is 2-connected, G / I3 is not. Both G \ I3 and G / I3 are 2-connected.)

1.5 Kuratowski’s Theorem

Reducing Kuratowski’s Theorem to 3-connected graphs

1.5.1 K2 Theorem Proof

Theorem 1.5 K2

Supposes that every 3-connected graph that does not contain a subdivision of K5 or K33 is
planar. Then every 2-connected graph that does not contain a subdivision of K5 or K33 is

planar.

Proof

We use induction on the number of vertices of G.

Base case: |V(G)| < 5. All graphs on < 5 vertices except K5 are planar. Hence, any G
satisfying the assumptions is planar.

IH: Assume |V(G)| > 6 and every 2-connected graph H with |V (H)| < |V(G)| that does not
contain a subdivision of K5 or K33 is planar. Consider G is a 2-connected graph with no
subdivision of K5 or K3 3.

e If G is 3-connected, then G is planar by the assumption of the theorem.

o Hence, we may assume there exists a vertex cut {z,y} of G.
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e By decomposition theory, there exists 2-connected graphs G; and G35 each containing
the edge xy, such that G =G @ Gy or G — 1 = G & Gs.

Then |V (G1)| < [V(G)| since |V(G2)| > 3 (it is 2-connected). In G; @ G2, there exists a
subdivision of G; by an earlier lemma. Hence, G; does not contain a subdivision of K5 or
K3 3. Since otherwise so would G.

Hence, by induction hypothesis, G is planar. Similarly, G5 is planar. Take a planar drawing
of G, with edge zy on the outer face and a planar drawing of G5 with edge xy on the outer
face. Gluing these two planar drawings along the edge zy gives a planar drawing of G (if

xy € E(@)), or a planar drawing of G # e. Hence, G is planar by induction.

2-sum with a cycle
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Dsin Widea a{clﬂj

H @ C is the same graph as the graph we get by subdividing the edge uv in H. If C has length k

then the number of new path vertices is k — 2.
Theorem 1.6 (“Building 2 connected graph”)

Let G be a 2-connected graph. Then (at least) one of the following holds:

(a) G is acycle
(b) There exists e € E(G) such that G \ e is 2-connected.

(¢) G is the 2-sum of a 2-connected graph H with a cycle C' (or: G is the result of subdividing

an edge of a 2-connected graph G at least once).

Proof

Call a graph “good” if it satisfies one of (a), (b), (¢). Note that any good graph is 2-connected.
(by an earlier lemma, for (c))

Let G be a 2-connected graph. Let H be a “good” subgraph of G with |E(H)| as large as
possible. Note H exists since G 2-connected = G contains a cycle. If |E(H)| = |E(G)]
then H = G and we are done. So suppose |E(H)| < |E(G)|. (%)

If [V(H)| = [V(G)| then there exists e € E(G) \ E(H) and both endpoints of e are in
V(H)(= V(G)). Then G \ e contains H (a 2-connected graph) and V(G \ e) = V(H). So
G \ e is 2-connected, hence G is good. Contradiction (x).
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So we assume |V(H)| < |[V(G)|. Since G is connected, there exist u € V(H) and = €
V(G)\ V(H) where uz € E(G). Since u is not a cutvertex of G, there exists a path P in
G\ u from z to some v € V(H) with V(P) NV (H) = {v}.

Hif uwv € E(H) )
Let H' = is 2-connected.
HU{uwv} if uv ¢ E(H)

Let C be the cycle PU{u}U{zu,uv}. Then J = H' & C is a subgraph of G, is good (by (¢)),
and |E(J)| = |E(H")| + (length(C) — 2) > |E(H)| + 1 > |E(H)|. Contradiction (x).

Example

Build G

SJI\'M TI\' W \'{-.-l"‘- A Y t{

add 2l V3

Lemma 1.11

Let G be a 2-connected planar graph. In every planar drawing: every face is bounded by a

cycle, and every edge is incident to exactly two distinct faces.
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Proof

By induction on |E(G)|.

Since G has minimum degree > 2, |E(G)| = %ZUGV(G) d(v) > |[V(G)|.

Base case: |E(G)| = |V(G)], i.e. G is a cycle.

Statement is true for cycles

IH: |E(G)| > |[V(G)| and every 2-connected planar graph H with |E(H)| < |E(G)| in every
planar drawing of H, every face is bounded by a cycle, and every edge is incident to 2 faces.

Fy: a planar drawing of G

Case 1: There exists e = xy € E(G) such that H = G \ e is 2-connected.

Then H has a planar drawing H , obtained by erasing e from the planar drawing of G. Then
there is a face F of H that has both z and y on its boundary. By IH, every face of H is
bounded by a cycle, and every edge is incident with 2 faces. Then replacing e into H, to get
G partitions F (bounded by a cycle by IH) into 2 faces, each bounded by a cycle, and e is
incident to both. So the drawing of G is as claimed.

Case 2: G is obtained by subdividing an edge of a 2-connected graph H: then a planar drawing
of H can be obtained from G via the subdivision. Then H is “nice” by IH, so G is also nice.
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Lemma 1.12

Let G be a k-connected graph. Suppose G has a vertex cut W of size k. Then for every
component C' of G — W, and every w € W, there is an edge in G from w to a vertex in C.

Proof

Suppose on the country that some wy € W has no edge to some component C, then W\ {wg}
is a vertex cut of G that separates C' from G — (w\{wp}), contradicting that G is k-connected.

O

Definition 1.13. Let G be a 3-connected graph, an edge e of G is called contractible if
G / e is also 3-connected.

Theorem 1.7

Every 3-connected graph with at least 5 vertices has a contractible edge.

Proof

Suppose on the contrary that G / e is not 3-connected for any edge e. Since |V(G)| > 5,
every G / e will have at least 4 vertices, and will be connected. Hence, every G / e must have

a vertex cut of size < 2.

29
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Let e = zy be fixed. Let z denote the image of e in G / e.

e Any vertex cut of G / e must contain z, otherwise it would be a vertex cut of G of size

< 2, contradicting that G is 3-connected.

e Any vertex cut of G / e of size < 2 has size exactly 2, otherwise {x,y} is a vertex cut
of G.

(%) Hence, for every edge e = zy in G, there exists w € V(G)\{z,y} such that {z,w} is a
vertex cut of G / e, this implies that {z,y, w} is a vertex cut of G...

We choose

e the edge xy of G.
e the vertex w € V(G)\{z,y}

e the component C of G — {z,y,w}

such that |[V(C)| is as small as possible.

By the lemma, we know that w has a neighbor v in C. Hence, there exists (by (x)) a vertex
u € V(G)\{v,w} such that {v,w,u} is a vertex cut of G. We'll use edge wv and vertex u to

show we made the wrong choice.

We claim that some component D of G— {v, w, u} is disjoint from {z,y}. This is true because

G — {z,y,w} has at least 2 components and x and y are joined by an edge.

We'll show (wv,u, D) contradicts our choice of (zy,w, C).
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By our previous lemma, we know v has a neighbor ¢ in D. Then ¢q € V(C) since ¢ ¢ {z,y, w}
and C is a component of G, so all neighbors of v are in V(C) U {z,y, w}.

So DNC # B, hence D C C since D is disjoint from {z,y,w}. Since v € V(C)\V (D), we
find D C C and so |V(D)| < |V(C)|, contradicting our choice of C.

Lemma 1.13

Let e be an edge of a graph G and suppose G / e contains a subdivision of K5. Then G
contains a subdivision of K or a subdivision of K3 3.

Proof

Let z be the image of the edge e = zy under contraction. Let K be a subdivision of K5 in

G/e.

If z ¢ V(K), then K is also a subgraph of G, and we are done.

Case 1: z is a path vertex in K.
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Let u and v be the neighbors of z in K. Then each of v and v was adjacent to at least one
of {z,y} in G.

Each of these possibilities gives a subdivision of K5 in G.

Case 2: 7 is a branch vertex in K.

Let u,v,w, q be the neighbors of z in K. Each of {u,v,w,q} was a neighbor of at least one
of {z,y} in G.

If at least 3 of {u,v,w, ¢} were joined to say z, then we find a subdivision of K35 in G (several
possibilities here).

If two of {u, v, w, q} were joined to x and two are joined to y,

32
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We find a subdivision of K33 in G.

1.5.2 K3 Theorem Proof

Theorem 1.8 K3 (Kuratowski’s Theorem for 3-connected graphs)

Let G be a 3-connected graph that does not contain a subdivision of K5 or K3 3. Then G is

planar.

Proof

By induction on |V(G)],

Base Case: |V(G)| < 5. Then since Kj is the only non-planar graph with < 5 vertices, G is
planar.

IH: Assume |V(G)| > 6 and every 3-connected graph with fewer than |V(G)| vertices that
does not contain a subdivision of K5 or K3 3 is planar.

Let G be given with |V (G)| > 6, 3-connected no subdivision of K5 or Kj 3.

Since G is 3-connected and has > 5 vertices, it has a contractible edge e. Then H = G / e is
3-connected and |V (H)| < |V(G)|.

Proposition

Claim: H = G / e does not contain a subdivision of K5 or Kj 3.
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Proof

e If G / e contains a subdivision of K5, then by our earlier lemma, G contains a
subdivision of K5 or K3 3.

o If G / e contains a subdivision of K33, then in particular G / e has K33 as a
minor. Hence, G has K3 3 as a minor. Hence, by an even earlier lemma since K3 3

is cubic we found G contains a subdivision of K3 3.

These contradictions complete the proof of the claim.

Hence, by IH we know H = G / e is planar.

Let H be a planar drawing of H = G / e. Let e = zy and let z denote the image of e under
contraction.

Erase z (and its incident edges) from H to set a planar drawing of H — z(= G — {z,y}).

Since H is 3-connected, H — Z is 2-connected. Then by an earlier lemma we know that H — z
every face is bounded by a cycle. So the face of H — z that contained z in H is bounded by
a cycle C.

Since all neighbours of z and of y in G became neighbours of z in H = G / e, we know that
all such neighbours are vertices of C. Let x1,...,x: denote the neighbours of  (except y) in
order as they appear around C. Let P; denote the (x; —x;41) path on C, for 1 <14 <t (where
t+1:=1).

34
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We consider where on C' the neighbours of y lie.

Case 1: All neighbours N(y)\{z} lie in the same P,. Then we can complete two

drawing to a planar drawing of G.

Case 2: y has a neighbour in the interior of same P; and a neighbour not in P;. This
contains a subdivision of Kj 3.
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Hence, Case 2 does not occur.
Case 3: y has neighbours z; and z; where z; and x; are not both endpoints of the
same Pj.
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Hence, Case 1 is the only possibility, implies G is planar.
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1.5.3 Kuratowski’s Theorem Proof

Theorem 1.9 Kuratowski’s Theorem for general graphs

A graph is planar if and only if it does not contain a subdivision of K5 or K3 3.

Proof
=)

From Math 239, K5 and K3 3 are both non-planar, so any graph with a subdivision of K5 or

K3 3 as a subgraph is non-planar.

(<)

Suppose G does not contain a subdivision of K5 or K3 3.

e If G is 3-connected, it is planar by Theorem K3.
e If G is 2-connected, it is planar by Theorem K2.

e If (G is connected but not 2-connected, since every block of G is a dot or line or 2-
connected, and the 2-connected blocks are planar by K2, all blocks of G are planar.
Hence, by theorem K7, G is planar.

e If GG is not connected, consider each component separately.

1.6 Connectivity and Menger’s Theorem

Definition 1.14. A set of paths {Py, P»,..., P} in a graph G, all with the same endpoints
x and y is said to be internally disjoint if V(P;) NV (P;) = {z,y} for each ¢ # j.
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Definition 1.15. Let x and y be vertices in a graph G. We say a vertex cut W of G is said

to separate x and y in G in x and y are in different components of G — W.

(Note then that z,y ¢ W and zy ¢ E(G))

Recall

The notion of sets of internal disjoint paths joining  and y (we’ll write “ID (z,y)-paths”)

Note that if there exists a set of k ID (z,y)-paths in G, then there is no vertex cut W with
|[W| < k — 1 that separates x and y in G.

37
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Theorem 1.10 (Menger’s theorem)

Let a and b be non-adjacent vertices in a graph G. Let s be the minimum size of a vertex cut

that separates @ and b in G. Then G contains a set of s ID (a, b)-paths.

Proof

The statement is clearly true, if s < 1, so assume s > 2.

We apply induction on |E(G)|.

Base Case: |E(G)| =0. Then s =0 and the statement is true.

Induction Step: Assume |E(G)| > 1, and for every graph H with fewer |E(H)| < |E(G)|,
and every pair of non-adjacent vertices x, y in H, there exists ¢ ID (x,y)-paths, where ¢ is
the min size of a vx cut separating  and y in H.

Given G, and vertices a and b with ab ¢ E(G).

Case 1: Every edge of G is incident to a or b.
Let N(a) ={z € V(G) : ax € E(G)} and N(b) = {y € V(G) : by € E(G)}.

Then, s = [N(a) N N(b)]. So {aUb:u e N(a)NN(b)} is a set of s ID (a,b)-paths
in G as required.

Case 2: There exists an edge zy = in G with {z,y} N{a,b} =0 Let H =G \ e.

Let S be a vertex cut of H of minimum size that separates ¢ and b in H.

o If |S| = s, then by IH H contains a set of s ID (a, b)-paths, and we are done.

e So we may assume |S| < s

Note that S U {z} is a vertex cut separating a and b in G.
Then |S U {z}| > s, by definition of s, hence = s. So |S| =s— 1.



CHAPTER 1 CONNECTIVITY & PLANAR GRAPHS 39

We know there exists a (a,b)-path in G — S since |S| < s, so it must contain the
edge zy. Assume WLOG z is closer than y to a on this path.

Let G be the graph obtained from, G by contracting, one by one all edges in the
component Cp, of G — (S U {z}) that containing b. Let zp be the image under
contraction then |E(Gp)| < |E(G)], since (in particular the edges of P from x to b
disappear).

If T is a vertex cut separating a and z; in Gy, then T is a vertex cut separating a
and b in G.

Hence, |T'| > s by definition of s.
i.e. the min size of a vertex cut separating a and z, in G is at least s.
Hence, by IH there exists a set of > s ID (a, 2)-paths in Gy.

Since N(Zy)@, = S U {z}, there are exactly s of these paths P; ... P,, WLOG P;
contains x and P; contains w; € S for i =2...s.

Similarly, we can find s ID (z,, b)-paths in the graph G, call them Q1 ...Qs.
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Claim: Py U Q1 U{zy}, P UQ2,...,Ps UQs form a set of s ID (a,b)-paths in G.
Since each V(P;) \ (SU{z,z}) is contained in the component C, of a in H — S,

and similarity for Cp, and Q;, we know there are ID.

1.6.1 Menger-Whiteley Theorem and Applications

Theorem 1.11 (Menger-Whiteley Theorem)

Let G be a graph with at least 2 vertices. Then G is k-connected if and only if for every pair
of vertices a and b there exists a set of k ID (a, b)-paths.

Proof

True for £ = 1, so we may assume k > 2.

(=) Assume G is k-connected, let a,b € V(G).

o If ab ¢ E(G) by menger’s theorem there exists a set of k ID (a,b)-paths.

o If e = ab € E(G), then (claim) G \ e is (k — 1)-connected.
Suppose not then there exists a vertex cut Y of G \ e with |Y| < k — 2. Then a and

b are in different components of G’ — Y, otherwise Y is a vertex cut of G separating a
and b. WLOG same component of G’ — Y not containing b has vertex ¢ # a.

Then Y U{a} is a vertex cut of G separating b and ¢, contracting that G is k-connected.

By Menger’s Theorem, G’ contains a set of k — 1 ID (a,b)-paths. These together with
e = ab satisfy the conclusion.
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(<) Assume G is such that every pair of vertices is joined by a set of k ID paths. Then G
has no vertex cut of size < k — 1. To see that |[V(G)| > k + 1, let a,b € V(G) of the k ID
(a,b)-paths, at least k — 1 of them have an internal vertex, all of which are distinct. Hence,
V(G| >2+k-1=k+1.

1.6.2 Some Useful Lemmas

Lemma 1.14 (Extension Lemma)

Let G be a k-connected graph. Let Y C V(G) be a set of vertices with [Y| = k. Then the
graph H with V(H) = V(G) U {z} and E(H) = E(G) U {xy : y € Y} is also k-connected.

(where z is a new vertex)
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Proof

VH)[ > [V(G) = k+1,

Suppose W is a vertex cut of H, and suppose on the contrary |W| < k — 1. If x € W then
W\ {z} is a vertex cut of G of size < k — 2, contradicting k-connectivity of G. So = ¢ W.

Let z € V(G) be a vertex in a component of H — W that does not contain z.

Let y be a vertex of Y\ W (which exists because |Y'| = k > |W]). Then y is in the component
of x in G — W, hence W is a vertex cut of G separating y and z. Again this contradicts

k-connectivity of G.

Definition 1.16. Let G be a graph , z € V(G), and Y C V(G) \ {z}. A (z,Y)-fan
in Gisaset S ={P,Ps...,P} of k paths in G from = to Y, such that £ = |Y| and
V(P;) NV (P;) = {x} for each i # j.

Lemma 1.15 (Fan Lemma)

Let G be a k-connected graph, let x € V(G), and let Y C V(G) \ {x} where |Y| = k. Then

G contains a (x,Y)-fan.

Proof

Let H be the graph with V(H) = V(G) U {z} and E(H) = E(G)U{zy : y € Y}. By our
extension lemma, H is k-connected. By the Menger-Whitney Theorem, there exists a set of
K internally disjoint (z, z)-paths {Py, Pa,..., Py} in H.
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Since N(z) = Y, each path P, must end with an edge yz where y € Y, and these are all
distinct. Hence, {Q1,Q2,...,Q} is a (x,Y)-fan where Q; = P, — z.

Note

The fan lemma is if and only if. If G contains a (z,Y)-fan for every z € V(G) and every
Y CV(G)\ {z} with |Y| =k, then G is k-connected.

Lemma 1.16 (Cycle Lemma)

Let G be a k-connected graph, k > 2. Let Y C V(G) be such that |Y| = k. Then G contains
a cycle C with Y C V(C).

Proof

Let Cj be a cycle contains as many vertices of Y as possible, say V(Co) > {y1,...,Ym . Then
m > 2 by our characterization of 2-connectivity. If m = k we are done, so suppose m < k.

Case 1. V(Co) ={y1,---Ym}

43



CHAPTER 1 CONNECTIVITY & PLANAR GRAPHS

Let y € Y \ V(Cy). By the fan lemma for m-connected graph. (We know G
is k-connected, hence m-connected) we can find a (y,{y1,...,ym})-fan in G call it
{P1,Ps,...,Py}. Then C = Cy \ (y1,y2) U P, UP, is a cycle in G containing > m + 1
vertices of Y, contradicting our choice of Cy.

Case 2. V(Co) \ {y1,---,ym} # 0. Choose z € V(Co) \ {y1,---,Ym}-
Let {Fo, ..., Pn} bea (y,{y1,...,ym})-fan in G. (Note: m +1 < k)

For 0 < i < m, let u; be the first vertex of P; on Cy when going from y to Cy. (Note:

u; = y; is possible).

So we set m + 1 u;’s and m y;’s on V(Cp).

By pigeonhole principle, some segment u; to u;41 on Cy contains two vertices u; and
u;. Then replacing the (u;,u;)-segment inside the (u;,u;41)-segment of Cy with the
(uj,y)-segment of P; and the (y,w;)-segment of P; gives a cycle containing y,. .., Ym

and y. Again contradicting our choice of Cy.
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| 0
Using Fan Lemma and Cycle Lemma

Theorem 1.12

Every 3-connected graph contains a subdivision of Kj.

Proof

Fix x € V(G). Then G — z is 2-connected. Then by the Cycle Lemma, G — x contains a cycle
C.

Let y1,y2,y3 € V(C) be three distinct vertices. By the Fan Lemma, there exist an (x, y)-fan
where y = {y1,y2,y3} say Py, P2, P5s. Let @; be the segment of P; from z to the first vertex
u; on C'N P; for each . Then C U Q1 U Q2 U Q3 is a subdivision of K.
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Matching

Definition 2.1. A matching in a graph G is a set M of disjoint edges in G.

A maximum matching is a matching of maximum size in G. We denote the size of a

maximum matching in G is written v(G).

The matching M saturates the vertex v € V(G) is v is incident to an edge of M, otherwise

we say v is exposed.
We say M is a perfect matching if it satisfies v(G).

A vertex cover W of a graph G is a set W C V(@) such that G — W has no edges.

2.1 Greedy Algorithm for Matching

Algorithm 1: Greedy Matching Algorithm
Input: Graph G = (V, E)
Output: Matching M C FE
M + 0, H «+ G,
while F(H) # () do
choose any edge zy € E(H);
M+ MU {zy};
H « H —{z,y};

return M;
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Example

Lemma 2.1

. . . v(G)
The greedy algorithm always finds a matching in G of size > —5>.

Proof

Let H be a matching obtained by Greedy. Then the set V(M) of vertices saturated by M is
a vertex cover of G.

Let M* be a maximum matching in G. Since each edge of M* has a vertex in V (M),

and no two edges of M* share the same vertex, we find |M*| < |V(M)| = 2|M|. Thus,
RS S

2.2 Hall’s Theorem

Bipartite Matching
Let G be a bipartite graph with vertex classes X and Y.

Note that if S C X is such that |[N(S)| < |S|, then there is no matching saturating X.



CHAPTER 2 MATCHING

Theorem 2.1 (Hall’s Theorem)

Let G be a bipartite graph with vertex classes X and Y. Then G has a matching saturating
X if and only if

(x) |N(S)| > |S]| for every S C X. (Hall’s Condition)

Proof

(=): see note
(«<): Assume G has (x). We use induction on | X]|.
Base Case: If | X| = 1, then G has a matching of size 1.

TH: Assume |X| > 2, and for every bipartite graph H with vertex classes X’ and Y’, where
|X'| < |X]|, that satisfies (x) for H, X', there exists a matching saturating X".

Given G

Case: 1 Every S < X with () # S # X satisfies |N(S)| > |5].

Let zy € E(G), let H = G — {z,y}. For every S C X' = X — {2}, we have
N (8) = Na(S) \ {y}. So, [INu(S)| = [Na(S)| =1 = |S| =1 =S|. By the case 1
condition for S. So [Ny (S)| > |S]. This says Hall’s condition holds in H. So by IH,
we get H has a matching M’ saturating X’. Then M = M’ U {zy} is a matching
in G saturating X.

48
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Case: 2 There exists S with § # 57 # X such that |N(S7)| = |S1].

Let G7 be the subgraph of G induced by S; U N(S7). Then (x) for each S C 54
we have |Ng, (S)] > |S| by (%) for G, and because Ng, (S) = Ng(S) because of our
definition of G;. So by IH (since |S1| < |X|) G1 has a matching M; saturating S;.

Let G5 be the subgraph of G induced by (X — S1)U (Y — N(S)). Take an arbitrary
S g X \ Sl. Then NGz(S) = N(;(S U Sl) \ N(Sl)

So, |Ng,(S)| = |Ng(SU S1)| — |Na(S1)| But [Ng(S US| > |SUSi by (%) for G,
and |Ng(S1)| = |S1] by our choice of Sy. So,

[Na(S)| = [SU S| — |91 =|5].

So, () holds for Gs. By IH for G5 we get a matching Ms in G4 saturating X — Sj.
Then M; U Ms is a matching in G saturating X.

Theorem 2.2

Any regular bipartite graph G of positive degree k has a perfect matching.
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Proof

Let X and Y be the vertex classes of G.

Let S C X. Let E(S,N(S)) be the set of edges of G joining S to its neighborhood N(5).
Then |E(S,N(S))| = k|S| since G is k-regular.

Since G is k-regular, |[E(S, N(S))| = k|N(S)|, and |E(S,N(S))| < |E(X,N(9))| = k|N(95)|.

So,
k|S| = [E(S, N(S))| < kIN(S)].

Therefore, since k > 0,|N(S)| > |S|. By Hall’'s Theorem, G has a matching saturating X.

Since E(G) = k|X| = k|Y| = |X| = |Y], we see a perfect matching exists.

Theorem 2.3 (“default version of Hall’s Theorem”)

Let d > 0 and let G be a bipartite graph with vertex classes X and Y, Then G has a matching
of size > | X| — d if and only if

(+%)|N(S)] > |S] - d,VS C X.
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Proof

=)

If G has a matching M of size > | X| — d, then for every S C X, M matches at least |S| — d
vertices of S to vertices in N(.5).

(<)

Assume G has (xx). Form the graph H by adding a set D to Y and joining all vertices in D
to all vertices in X, where |D| = d.

Let § # S C X. Then

Nu(§) = Na(S)UD = |Nu(S)| = [Na(S)|+d=>[S|—d+d =S| (x)

Hence, by Hall’s Theorem, H has a matching saturating X. At most d vertices of M have a

vertex in D, so the rest of M forms a matching of size | X| —d in G.

o1
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Definition 2.2. We write 7(G) for the minimum size of a vertex cover of G.

In any graph 7(G) > v(G).

Theorem 2.4 (Ko6nig’s Theorem)

In a bipartite graph G, 7(G) = v(G).

Proof

Let X and Y be the vertex classes of G.
Let x,y be new vertices, and form H

V(H)=V(G)U{z,y},and E(H) = E(G)U{azv:ve X} U{yw:w e Y}.

Let W be a vertex cut separating « and y in H. Then W C V(G) and W is a vertex cover of
G, so
W[ > 7(G).

Then by Menger’s Theorem there is a set of > 7(G) ID (x,y)-paths in H. So taking the second
edge on each of these paths gives a matching in G of size > 7(G). Hence, v(G) > 7(G).
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Therefore, since 7(G) > v(G), we have 7(G) = v(G).

Definition 2.3. A set U C V(G) in G is called independent in G if there is no edge in G

joining two vertices of U. The maximum size of an independent set in G is denoted a(G).

Definition 2.4. A set F C E(Q) is called an edge cover of G if every vertex of G is

incident to an edge of F. We write p(G) for the minimum size of an edge cover of G.

Lemma 2.2

For every graph G, a(G) + 7(G) = |V(G)]

Proof

For any vertex cover W of G, the set V(G) \ W is independent and vice versa. Hence, W is

minimum if and only if V(G) \ W is a maximum independent set.

Lemma 2.3 (Gallai Lemma)

For any graph G with no isolate vertices, v(G) + p(G) = |V(G)|.

Proof

Set |[V(G)| = n. Let M be a matching with |M| = v(G). Then V(G) \ V(M) is independent

in G. Construct an edge cover of G as follows:
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o for each = ¢ V (M), take an edge incident to z. Add M to this set. This gives p(G) <
(M| + (n = [V(M)]) = [M|+ (n = 2|M[) = n — [M| = n—v(G).
Hence, v(G) + p(G) < n.

e Let F' be a minimum edge cover of G (i.e. every vertex of G is incident to an edge of
F). Let H denote the graph with V(H) = V(G) and E(H) = F. Then each edge of H

is incident to a vertex of degree 1 in H, by minimality of F. So H has no cycles hence

it is a forest.

From Math239, we know E(T) = V(T) — 1 for any tree. For forests, F(H) =V (H) —
¢(H) where ¢(H) is the number of components of T. Hence, H has V(H) — E(H) =
n — p(G) components, each of which has > 2 vertices (and > 1 edge). By taking one

edge from each component of H we get a matching of size n — p(G) in G.

Thus, v(G) > n — p(G)

Therefore, v(G) + p(G) = n.

2.3 Alternating and Augmenting Path

Definition 2.5. Let M be a matching in a graph G.

An M-alternating path in G is a path in G, in which every second edge is in M.

l'] SAAAA—0ANAAN
A

An M-augmenting path in G is an M-alternating path that has length at least 1 (i.e.

contains at least one edge) and begins and ends with an M-exposed vertex.
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If G contains an M-augmenting path P, then MAE(P) = (M \ E(P)) U (E(P)\ M) is a
matching in G that is larger than M. So M is not maximum in G. We call this operation

“switching” on P.

Example

2.3.1 Two matching in a graph

Suppose M; and M are two matching in a graph G. Let H be the graph with vertex set V(G)
and edge set M7y U Ms.

Then

e H has maximum degree > 2.

e Every component of H is a path or a cycle.

Every cycle component is even, and alternates between M; and Ms edges.

Every path component either alternates M; My and the number of M; edges differs from the
number of My edges by at most 1, or is a single edge in M; N Ms.
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2.3.2 Berge’s Theorem and Erd&és-Posa Theorem

Theorem 2.5 (Berge’s Theorem)

A matching M in a graph G is maximal if and only if there is no augmenting path in G.
Proof

=)

noted above.

(<)

Assume there is no M-augmenting path in G. Let M’ be a maximum matching in G. If
|M'| = |M]|, then M is maximum, so suppose |M’| > |M|. Let H be the subgraph with

V(H)=V(G)and E(H) = MUM’. Then by the properties of H, there must be a component
of H that is a path P of odd length that begins and ends with an M’ edge.

By definition of H, the endpoints of P must be m-exposed, then P is an m-augmenting path

in G, contradicting our assumption.

Therefore, M is maximum.

Theorem 2.6 (Erdds-Posa)

For any graph G,

Proof

Let M be a maximum matching in G. If |M| = L%J, then we are done. So suppose not.

Then there are at least 2 M-exposed vertices in G, say v and w. Then all neighbours of v and
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w are in the set V(M) of M-saturated vertices. (since M is maximum).

For each edge xzy € M, if vy € E(G) then wx ¢ E(G), otherwise vzwy is an M-augmenting
path, contradicting Berge’s Theorem. Similarly, vz € E(G) = wy ¢ E(G). So the number
of edges joining {v,w} is < 2. This holds for every edge of M, hence d(v) + d(w) < 2|M]|.

S0 26(G) < d(v) + d(w) < 2|M| = |M| > §(Q).

2.4 Stable Matching

Let G be a bipartite graph with vertex classes X and Y.

Definition 2.6. A set L of preferences lists for G consists of a linear order L(z) of N(z)
for each vertex z € X UY.

Definition 2.7. In a bipartite graph G with preference Lists L, a matching M is stable if
for every edge xy ¢ M, either

e xy' € M for some y' that x prefers to y (y' >y in L(z)), or

e 2’y € M for some 2’ that y prefers to z (z' > x in L(y)).
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2.4.1 Gale-Shapley Algorithm

Algorithm 2: Gale-Shapley Algorithm

Input: Bipartite graph G, vertex classes X and Y, preference lists L.
Output: A stable matching M in G.
Set k(z) := L(z) for all z € X;
M < ;
while there exists an exposed vertex x € X with k(z) # () do
Let y be the first vertex on k(x);
if y is not matched then
I_ Match x and y;

else
Let 2’ be the vertex matched with y;
if y prefers x to x’ then
Unmatch z’ and y;
\\ Match x and y;

| Set k() i= k(@) \ {y};

return M;
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This algorithm terminates because

Z k(x) start at value Z L(z) and decreases by 1 in each iteration.
zeX zeX

Proof

The if-else statements ensure that M* is a matching. Observe that at each iteration, the
situation (T) holds:

e The situation improves or stays the same for every y € Y, and

e The situation deteriorates or stays the same for every x € X.
Consider an edge zoyo ¢ M*. Then yo € L(zo) and hence in k(zo) at initialization.

Case 1: x proposes to yo in some iteration; then by (1), yo is matched in the final matching
to some x’ that yg prefers to zg.

Case 2: x( never proposes to yo; then the algorithm terminated before xg reached yo on its
list, i.e., it is matched in M* to some y’ that it prefers to yq.
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Hence, M* is stable.

Theorem 2.7

Let G be a bipartite graph with vertex classes X and Y, preference lists L. Then all stable

matching in (G, L) saturate the same set of vertices.

Proof

Let M; and M be distinct stable matching in (G,L). Let H be the subgraph of G with
V(H)=V(G) and E(H) = M; UM,. If M; and M, do not saturate the same set of vertices,
then some component of H is an alternating path, say x1,y1, T2, Y2, . . . where x is Ma-exposed
and z1y; € M.

Then since x1y; ¢ M, My is stable,y; prefers xo to z1, where xoy; € My. My stable, y;
prefers x5 to x1, where xoy1 € Ma. x2y1 ¢ My = x5 prefers ya to y;.

® T;Yi_1 ¢ M, — x; prefers y; t0 yi—1.

o x;y; ¢ My = y; prefers z;41 to ;.
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This shows that no z; can be Mj-exposed and no y; can be Ms-exposed. So the path never

ends, contradiction the finite graph we are working with.

Hence, M, and M, saturate the same set of vertices.

Corollary

All stable matching in (G, L) are the same size.

Definition 2.8. Let G be a bipartite graph with vertex classes X and Y, preference lists
L. A stable matching My in G is X-optimal if for every stable matching M in (G, L), and
every ¢ € X,

o if xy € M then there exists ' such that zy’ € My and ¢y’ > y in L(x) (i.e. either ¢y =y

or z prefers y' to y).

Similarly, My is X-pessimal means for every x € X,

o If xy € M then there exists y with zy’ € My and ¢y’ < y in L(z) (i.e. either ¢/ =y or
x prefers y to y').

Note

The X-optimal (X-pessimal) matching is unique, if it exists.

We’ll show that the G-S stable matching with X, making the proposals is X-optimal for every
bipartite graph G = (X,Y) with strict preference lists.

Proof

Suppose on the contrary, that there exists a stable matching M’ in G, and an edge zg, yo € M’
(where zgyg ¢ M*) such that xg prefers yg to its partner in M™*.

Since zgyg ¢ M™*, yo is matched to some x1, where x; > 2 in L(yp).
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Let I be the earliest iteration in the G-S algorithm in which we put an edge z1y¢ into the
matching M, where xg,yo € M’ and xq strictly prefers yo to its partner in M*.

Since x1yo ¢ M’, and yo prefers x; to zp, we know x; is matched in M’ to some y;, that it
prefers to yo.

In iteration I, x; prefers to yg, and it accepted. Since x; prefers y; to yp, in some earlier
iteration I, x1 was rejected by 1, since in some earlier iteration I, y; received and accepted

an offer from some x5, where o > 21 in L(y1).

So in I, woy; was put into M, where z1y; € M’, and z; strictly prefers y; to its partner in
M*". This contradicts the choice of iteration I , S0 ZoYyo does not exist.

M* is X-optimal.

2.5 Perfect matching in general graphs

Definition 2.9. A odd component of a graph G is a component of G with an odd number
of vertices. The parameter odd(G) is the number of odd components in G.
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Note

Suppose a graph G has a perfect matching M. Then for any subset T' C V(G), there is an
edge of M from each odd component of G — T to T.

Hence, in particular |T'| > odd(G — T).

So if G has a perfect matching, then for every T C V(Q), |T'| > odd(G — T).

2.5.1 Tutte’s Theorem

63
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Lemma 2.4 (A)

Let G be a graph that satisfies

e 0dd(G —T) < |T| for every T C V(Q)

If H is a graph with V(H) = V(G) and E(H) D E(G), then H also satisfies

Proof
Let T CV(H) =V(G).

e Adding an edge inside T', or inside a component of G — T, or crossing from T to G — T
does not change odd(G — T).

e Adding an edge between two components:

— Between two even components: does not change odd(G — T).
— Between two odd components: decreases odd(G — T) by 2.

— Between an odd component and an even component: decreases odd(G —T') by 1.

Hence, odd(H —T) < 0dd(G — T for every T, which implies the statement.
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Definition 2.10. A graph G is Type-0 if V(G) has a partition X UY where X = {z €
V(GQ) : zy € E(G) for ally # = € V(G)}, and every component of Y = V(G) — X is a
complete graph.

Lemma 2.5 (B)

If G is a type-0 graph with Tutte’s condition, then G has a perfect matching.

Proof
When T' = ), we find odd(G) = 0, so |V(G)] is even.

When T = X, we find 0dd(G — X) < |X]|. So there are < |X| odd complete components in
G — X, we find odd(G — X) < | X]|.

So there are < |X| odd complete components in G — X. Form a matching M by matching

one vertex from each odd component of G — X to a vertex in X. Match all remaining vertices
in each component C' of G — X within C. Match any remaining vertices in X within X,

Theorem 2.8 (Tutte’s Theorem)

A graph G has a perfect matching if and only if for every T C V(G), |T| > odd(G — T).

VT CV(G),|T| > odd(G —T) (called the Tutte condition)
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If G has a perfect matching then |V (G)| is even. Tutte’s condition with 7' = ) implies

0dd(G) = 0, so every component of G is even, hence |V(G)] is even.

Proof

(=): Obvious from earlier note.
(<)

Let G has Tutte’s condition. Suppose on the contrary that G has no perfect matching. Let
H be a graph such that

e H has no perfect matching

(t) H U {ab} for any a,b € V(H) where ab ¢ E(H) has a perfect matching.

We can form H from G by adding new edges until our last property holds. Then H satisfies
Tutte’s condition by Lemma (A).

Aim: to show H is type-0.

Let X ={x € V(H):2z € E(H) for all z# x € V(H)} (z =0 is possible), we want to show
that every component of H — X is complete. Suppose C' is a component of H — X that is not
complete then |V (C)| > 3.

Claim: There exist vertices a,b,c € V(C), and d € V(H)\{a,b,c} such that ab,bc €
E(H),ac ¢ E(H), and bd ¢ E(H).

Since C' is not complete we can find vertices a and y in C such that ay ¢ E(H). Let P be a

shortest path from a to y. Let b and ¢ be the second and third vertices on P. Then ac ¢ E(H)
because P is the shortest path. There exists d not adjacent to b because b ¢ X.

By (}), the graph H U{ac} has a perfect matching M, and the graph H U {bd} has a perfect
matching My

Let J be the graph with vertex set v(H) and edge set My U Ms. Then every component of J
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e a single edge in M7 N M,

e an alternating cycle (no path component, since M; and M, both saturate V(H))

Then ac in an alternating cycle component U of J. If bd is not in U, then M1AFE(U) is a

perfect matching of H, contradiction.

So we may assume bd € E(U). By symmetry of a and ¢, we may assume there is a path in U
from d to a that does not contain c or b.

Then the matching M>AU’ is a perfect matching of H, where U’ is the cycle Q U {ab, bd}.
This contradiction shows H is type-0, hence by Lemma (B), H has a perfect matching,
contradiction.
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2.6 Applying Tutte’s Theorem

Lemma 2.6

Let G be a graph with |V (G)| even. Then for every T C V(G), we have odd(G —T) = |T|
(mod 2).

Proof

Since |V(G)| =0 (mod 2), we find |T|+|V(G-T)| = |V(G)| =0 (mod 2),s0 |T| = |[V(G-T)|
(mod 2).

V(G -T)= > V(O)| + > 14(&)

C€odd components of G=T C€even components of G—T

VG-T)=> 1+ ) 0 (mod2)

Codd Ceven
[V(G-T)|=0dd(G—-T) (mod 2)

Definition 2.11. Recall from Math 239 that a bridge in a connected graph G is an edge e
such that G — e is disconnected.

Theorem 2.9 (Petersen’s Theorem)

Let G be a connected cubic graph with at most two bridges. Then G has a perfect matching.
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Proof
Note |[V(G)] is even since it is cubic (Handshaking Lemma).
Suppose that G has no perfect matching.
Then by Tutte’s Theorem, there exists T C V(G) with odd(G —T) > |T|.
By the previous Lemma, odd(G — T) > |T| + 2.
Claim: For each odd component C of G — T, the number m¢ of edges joining C to T is odd.
V(C) = Y da(v) =2|E(C)|+me
veV(C)
So m¢ is odd since 3|V (C)| is odd and 2|E(C)]| is even.
For at most two components C' we have m¢g = 1, because such a single edge is a bridge of G.
So the number of edges joining odd components of G — T to T is
>3(odd(G—-T)—-2)+2>3(|T|+2—-2)+2=3|T| +2
But since the graph is cubic, this is not possible.
O

Theorem 2.10 (Defect version of Tutte’s Theorem)

Let G b h and let d = dd(G —T) — |T}.
e e a graph and le Trgn‘ii(%){o ( )= T}
Then G has a matching that saturates at least |V(G)| — d vertices.

Proof

Note d > 0 since odd(G — 0) — || = odd(G) > 0.

If d = 0, then this is Tutte’s theorem. So we may assume d > 1. By definition of d, for every
T CV(G), odd(G—T) <|T|+d.

69



CHAPTER 2 MATCHING 70

Contract a new graph H by adding a set A of d new vertices, and adding edges {az : = €
V(H)\{a}} for each a € A.

|V(H)| is even: for some Ty C V(G), d = odd(G — Ty) — |To|. So, |V(H)| = |V(G —
To)| + |To| + d = odd(G — To) — |To| +d = 2d =0 mod 2.

Let ) # S C V(H) where A C S. Then odd(H — S) < 1. Since H — S is connected.
Hence, odd(H — S) <1 < |S].

e Let S =10. Then odd(H — S) = odd(H) = 0, since H is connected and |V (H)| is even.

e SCV(H)where A C S. Then odd(H—S) = odd(G—(S\A)) < |S\A|+d = |S|—d+d =
|S].

Hence, by Tutte’s theorem, H has a perfect matching M.

At most d vertices of G can be incident to edges of M that are not edges of G (i.e. their other
endpoint is in A). so M saturates at least |V (G)| — d vertices of G.

2.6.1 The Tutte-Berge Formula

Theorem 2.11

L h 1 = —T)—|T|}. Th
et G be a graph and let d Trgn&()g){odd(G ) =T} en

Proof

Recall from the previous proof that

V(@) —d=|V(G)|+d=0 mod 2
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By the defect version of Tutte’s theorem we know

Let Ty be such that d = odd(G — Tp) — |Tp|. Any matching in G can have an edge from at
most |Tp| odd components to Tp

Hence, v(G) = |V(G2)|_d.

O
Edmonds’ Matching Algorithm finds a maximum matching in a general graph. It is efficient.
Tip

What to do with odd cycles?
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2.7 Cycle Shrinking

Definition 2.12. Let G be a graph and let M be a matching in G. And odd cycle C of
length = 2k + 1 is shrinkable (with respect to M) if

o IMNEQ) =k

e C contains an M-exposed vertex

Example

Lemma 2.7 (The cycle shrinkable lemma)

Let M be a matching in a graph G. Suppose C is a shrinkable odd cycle with respect to M
in G. Let G’ be the graph obtained from G by contacting every edge of C.

(the operation of “cycle shrinking”). Then M is maximum in G if and only if the matching
M’ = M\E(C) is maximum in G'.

72



CHAPTER 2 MATCHING

Example
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Assume M is maximum in G. Suppose on the contrary that M’ is not maximum in G’. Then
there exists a larger matching N’ in G’, i.e., [N'| > |[M'| in G’, then N’ corresponds to a

matching in G that saturates at most one vertex of C. Then we can add k edges of C' (where
C has length 2k + 1) to set a matching N in M that is bigger than M, a contradiction.
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(<)

Now support M’ is maximum in G’. If M is not maximum in G then by Berge’s theorem there
is an M-augmenting path P in G. If P is disjoint from C, then P is also an M’-augmenting
path in G’, contradicting that M’ is maximum in G’. So we may assume P contains vertices
of C.

Let = be an endpoint of P that is not on C' (which exists since both endpoint of P are
M-exposed).

Let z denote the vertex of C' closest to x along P. Then the (x,z)-segment of P is an M’-
augmenting path in G’ contradicting that M’ is maximum in G’.
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Note

Why is the M-exposed vertex on C' necessary?

In the proof if N’ is maximum in G’, and |N’| > |M’|, it may not happen that N is maximum

in G (Tt is bigger than M but may not be maximum).

Definition 2.13. Let G be a graph and let M be a matching in G. A M-alternating tree
in G is a subgraph T of G such that

e T is a tree,

e T contains exactly one M-exposed vertex, called the root of T,

Each edge of T at an odd distance from s (the root) in T is an edge of M.

e Each vertex of T' at an odd distance from s in T" has degree exactly 2 in T'.
These are called the inner vertices of T'.

All the other vertices of T are called the outer vertices of T.



CHAPTER 2 MATCHING

Definition 2.14. An M-alternating forest in G is a subgraph F' of G such that every

component of F' is an M-alternating tree.

e The set I(F) of inner vertices of F is

I(F) = U I(T)

T ecomponents of F
e Similarly, outer vertices of F,

O(F) = U O(T)

Tecomponents of F

A maximal M-alternating forest is one that is not contained in a strictly larger M-alternating
forest.
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Lemma 2.8

Let M be a matching in G and let F' be a maximal M-alternating forest in G. If there is no

edge of G joining two outer vertices of F', then M is a maximum matching in G.

Proof

Note
(i) Every M-exposed vertex is in G is in F' (by maximality of F).
(ii) If zy € M and z is in a component T of F', then y is also in 7.
Claim: If z € O(F) then N¢(z) C I(F).
Let y € Ng(z). By assumption, y ¢ O(F). Suppose y ¢ V(F). Then y is saturated by M,

by (i) above, its partner in M is in F. Let = be such that xy € M. Then x ¢ V(F) by (ii)
above. But then F'U {zy,yx} is a larger M-alternating forest. So Ng(O(F)) C I(F).

For every component T of F', O(T) — I(T) = 1 since M pairs up all outer vertices with inner
vertices except the root. Thus, O(F) — I(F) = number of components of F := k (say).

Consider the graph G — I(F). In this graph, each z € O(F) is an isolated vertex, i.e. a
component of size 1. Therefore odd(G — I(F)) > |O(F)| = |I(F)| + k.

The Tutte-Berge formula says v(G) = W where

d= dd(G — S5) —|S
Jmaxc (0dd(G — 5) ~ |3])

So d > 0dd(G — I(F)) — |I(F)| > k.

Therefore, v(G) = |V(C;)‘—d < |V(G2)|—k - |M|.

Thus, M is maximum.
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Recall

e Maximal M-alternating forest F' in G.

e If there is no edge of G joining two outer vertices of F', then M is a maximum matching

in G.

Lemma 2.9

Let M be a matching in G; and let 77 and T5 be distinct components of an H-alternating
forest F' in G. Suppose zy € E(G) where z € O(Ty) and y € O(T3). Then G contains an
M-augmenting path.

Proof

Since the roots s; and s9 of 17 and Ts respectively are both M-exposed, The unique path
Ty UT, U{zy} is an M-augmenting path. (Also use the definition of M-alternating forest.)

=1

Lemma 2.10

Let M be a matching in G. Let T" be a component of an M-alternating forest F'in G. Suppose
there exists an edge vy € E(G) where z,y € O(T). Then there exists a matching M in G
with |M| = |M| and a shrinkable odd cycle with respect to M in G.
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Proof
Let C be the unique cycle in T'U {zy}. Let P be the unique oath from C to the root s of T
in T. Set M = MAE(P). (“switch M on P”)

Then |M| = |M]| since P is an even length M-alternating path and C is shrinkable respect to
M.

2.7.1 Edwards Algorithm for maximum matching

Algorithm 3: Edwards Algorithm for Maximum Matching
Input: Graph G
Output: Maximum Matching M in G
M « ;

while there exists an M -augmenting path or a shrinkable odd cycle in G do

Construct a maximal M-alternating forest F' in G;
if there exists an edge xy € E(G) joining two outer vertices of F then
if x and y are in distinct components of F' then

Augment M along the unique M-augmenting path in F'U {zy};
| (By Lemma 2.9)
else

Shrink the unique shrinkable odd cycle in F'U {zy};
| (By Lemma 2.10)

return M;
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Example

Running Edwards Algorithm:
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Definition 2.15. Let G be a graph and let f : V(G) — N be a function. An f-factor in G
is a spanning subgraph H (i.e., V(H) = V(QG)) such that for every v € V(G), dg(v) = f(v).

For example, a perfect matching in G is a 1-factor in G.

Where 1 is the function defined by 1(v) =1 for each v € V(G),
Q: Given G and f, does G contain an f-factor?

If for some v, f(v) > dg(v), then clearly no f-factor exists.

The graph H(G, f), given a graph g and a function f : V(G) — N, such that f(v)
each v, the graph H(G, f) has vertex set

where
Aw) = {vr,v2,.. ., V450 ), |AW)| =da(v) >0

and
B(v) = {v}, 5, . .. av(/ic(v)—f(v)}a |B(v)| = da(v) — f(v) =0

The edge set of H(G, f) is defined as follows:

= dg(v) for
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e For each u,v € V(G) such that wv € E(G), add the edges u;v; for all i € [de(u)] and
j € lda(v)]-
e For each v € V(G), add the edges v;v] for all i € [dg(v)] and j € [dg(v) — f(v)].

H(G, f) has exactly one edge e, for each edge vw € E(G), which joins a vertex in A(v) to a
vertex in A(w), such that {e,, : vw € E(G)} forms a matching in H(G, f). In addition, H(G, f)
has all edges joining A(v) to B(v) for each v € V(G).

Example

Theorem 2.12 (Tutte’s f-factor Theorem)

Let G be a graph and let f : V(G) — N be such that f(v) < dg(v) for each v. Then G has
an f-factor if and only if H(G, f) has a perfect matching.
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Proof

(=) Suppose J is an f-factor in G. Let M be the matching in H(G, f) consisting of {e,, :
vw € E(J)}. For each v € V(G), add to M, dg(v) — f(v) edges joining A(v) to B(v) that are
disjoint from M. This is possible since |A(v)| = |B(v)| + f(v) This forms a perfect matching
in H(G, f).

(<) Suppose H(G, f) has a perfect matching M. Then each B(v) is saturated by M, and
N(B(v)) = A(v). So B(v) saturates by M to exactly |B(v)| vertices of A(v).

Since A(v) is also saturated, there must be exactly |A(v)| — |B(v)| = f(v) edges of H of the
form e,,, for same w € V(G). So all these edges together correspond to edges vw of an f-factor
in G.

O
2.9 Even graphs
I Definition 2.16. A graph G is said to be even if d(v) is even for each v € V(G).
Definition 2.17. An Euler tour of a graph G is a sequence of vy, e1,v1,€9,..., e, vg of

vertices and edges of G such that

e ¢; = v;_1v; for each ¢
® VU = 1o
ei #ej fori#j

o k=|E(G)| (i-e., every edge of G appears exactly once)

Example
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Theorem 2.13 (from Math 239)

If G is connected and even then G has an Euler tour.

Definition 2.18. For a positive integer r, an r-factor in a graph G is an f-factor for the

function

f:V(@G) = {1,2,...}

defined by f(v) =r for all v € V(G).

Theorem 2.14 Petersen’s 2-factor theorem

Let d > 2 be even. Then every d-regular graph contains a 2-factor.

Proof

We may assume G is connected, otherwise we can consider all its components separately.

Then G has an Euler tour (). Define the bipartite graph B as follows: V(B) = Vo UV} where
Vo and V; are disjoint copies of V(G).

The edge set is

{vow; : vw € E(G), v is the copy of v in V5 and w; copy of w in V; and vw is traversed in
the direction v to w in @ }
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Then every vertex of B is 4, since each v € V has exactly 4 edges in Q (which is dp(v)) and
exactly 4 edges out of @ (which is dg(v1)).

Then B has a perfect matching M (since it is regular of positive degree).

Therefore M consists of exactly one in-edge and one out-edge for every vertex v € V(G). So
M defined a 2-regular spanning subgraph of G, i.e., a 2-factor in G.
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Vector Spaces associated with Graphs

Recall

The principal properties of a vector space W over field I are:

e W contains a zero vector 0
e any two v, w € W can be added to set some v +w € W

e any v € W can be multiplied by any ¢ € F to get some cv € W

If u C W and u is also a vector space over F, we say u is a subspace of W.

Definition 3.1. Let G be a graph, and let S be a spanning subgraph of G.(i.e. V(S) =
V(@)). The characteristic vector w, of S is the (0,1)-vector with coordinates indexed by
E(G) defined by w; " coordinate is 1 if e; € E(S) and 0 otherwise.

3.1 The Flow space

Definition 3.2. Let G be a graph. The flow space W(G) of G is the set of all characteristic

vectors of even spanning subgraphs of G. This is a vector space over the field Zs:

e W(G) contains a zero vector because the spanning subgraph of G with 0 edges is even.

e Addition in W(G): ws + w is the characteristic vector of the spanning subgraph S & T
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which has edges set E(S) U E(T)\ E(S) N E(T). Then dsgr(v) = ds(v) + dr(v) —

2dsnr(v), which is even.

So wy + wy € W(G).

e Scalar multiplication 0-v =0 and 1-v = v for each v € W(G).

Theorem 3.1

Let G be a graph and let H be an even spanning subgraph of G. Then there exist cycles
Cy,Cs,...,Cy in G such that E(H) = U'_, B(C;) and E(C;) N E(C;) = 0 for i # j.

Proof

By induction on |E(H)].
Base case: If |[E(H)| = 0, then take k£ = 0, and we are done.

IH: Assume |E(H)| > 0 and that for any even spanning subgraph J of G with |E(J)| <

|E(H)|, we can find a set of disjoint cycles whose union gives E(J).

For some component Hy of H, there exists a cycle in H, since dg, (v) > 2 for all v € V/(Hy).
Call this cycle Cy. Then the spanning subgraph I defined by E(J) = E(H) \ E(C}) is also

even, since
du (v) v ¢ V(Ch)

d](?]) =
dg(v) —2 veV(C)

Hence, by TH, there exist cycles C, Cs, ..., Cy in J such that E(J) = Uf:g E(C;) and E(C;)N
E(C;)=0for i # j.
Hence, E(H) = U, E(C;) and E(C;) N E(C;) = 0 for i # j.

This implies W (G) is spanned by the set of characteristic vectors of cycles in G.
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3.2 Basis for W(G)

Definition 3.3. Let G be a connected graph and let T be a spanning tree in G. The unique
cycle C. in T'U {e} is called the fundamental cycle of e w.r.t T, for any e € E(G) \ E(T).

Theorem 3.2

Let G be a connected graph and let T be a spanning tree of G.

Then
Br ={wc¢:C e F(T)}

is a basis for the flow space W(G), where F(T) is the set of fundamental cycles with respect
to T.

Proof

First we show By is linearly independent.
Let F(T)={C.:e€ E(G)\ E(T)}

Suppose

Z Aewe, =0 (0 vector)
e€E(G)\E(T)
= (characteristic vectors of the fundamental cycles)

for some A, € {0,1} for each e.

For each e € E(G) \ E(T), the number of w¢, that have a 1 in the e-th coordinate is exactly
1, namely wc, itself. Hence A\, =0

Hence, By is linearly independent.

Br spans W(G): Let H be an even spanning subgraph of G. Claim: wpy =

ZeeE(H)\E(T) we., -
Note this is the characteristic vector of ©ccpu)\ ) Ce := Ja-

We would like Jy = H. i.e. Jg & H is the empty graph.
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Each e € E(G) \ E(T) is an edge of Jy, since ¢, is the unique fundamental cycle containing

e. So Jg @ H does not contain e.

So, Jy @& H is a subgraph of T. If Jy @ H has any edges, it has a vertex of degree 1. So,

Jg @ H is not even, a contradiction.

Corollary

For any connected graph G with n vertices and m edges, the dimension of the flow space
W(G)ism—n+1.

Proof

Any spanning tree of G has n — 1 edges.

3.3 Binary Codes

Definition 3.4. A binary code of length m is a subspace U of GF(2)™.

Definition 3.5. The minimum distance of U is the smallest ¢ such that some 0 # v € U

has exactly t 1’s.

in u—+ v.

Lemma 3.1

Let U be a binary code with minimum distance ¢ then if u,v € U are disjoint then they are

‘ Definition 3.6. The hamming distance between u,v € U is the number of 1-coordinates
‘ at Hamming distance at least t.
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Proof

Since U is a subspace u+v € U.

Definition 3.7. The girth of a graph G is the length of a shortest cycle in G. (oo if G is
a forest)

Lemma 3.2

Let G be a connected graph with finite girth g. Then the flow space W (G) is a binary code

of length m = |E(G)|, dimension m — n 4+ 1 where n = |V(G)|, and minimum distance g.

Proof
We just need to check the minimum distance:
Every non-zero element wy of W(G) is the characteristic vector of H, an even spanning

subgraph which contains a cycle C. Since |E(C)| > g, the number of 1’s in wy is at least g.

(Equality holds since the shortest cycle gives an even spanning subgraph.)

91



	Contents
	Connectivity & Planar Graphs
	Cut Vertices and k-Connectivity
	Blocks
	K1 Theorem Proof

	Minors
	2-sum
	Kuratowski's Theorem
	K2 Theorem Proof
	K3 Theorem Proof
	Kuratowski's Theorem Proof

	Connectivity and Menger's Theorem
	Menger-Whiteley Theorem and Applications
	Some Useful Lemmas


	Matching
	Greedy Algorithm for Matching
	Hall's Theorem
	Alternating and Augmenting Path
	Two matching in a graph
	Berge's Theorem and Erdős-Pośa Theorem

	Stable Matching
	Gale-Shapley Algorithm

	Perfect matching in general graphs
	Tutte's Theorem

	Applying Tutte's Theorem
	The Tutte-Berge Formula

	Cycle Shrinking
	Edwards Algorithm for maximum matching

	f-factors
	Even graphs

	Vector Spaces associated with Graphs
	The Flow space
	Basis for W(G)
	Binary Codes


